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ABSTRACT

The first part of this two-part article describes the formulation of a Kalman filter system for assimilating limb-
sounding observations of stratospheric chemical constituents into a tracer transport model. The system is based
on a two-dimensional isentropic approximation, permitting a full Kalman filter implementation and a thorough
study of its behavior in a real-data environment. Datasets from two instruments on the Upper Atmosphere
Research Satellite with very different viewing geometries are used in the assimilation experiments. A robust
chi-squared diagnostic, which compares statistics of the observed-minus-forecast residuals with those calculated
by the filter algorithm, is used to help formulate the statistical inputs to the filter, as well as to tune covariance
parameters and to validate the assimilation results.

Two significant departures from the standard (discrete) Kalman filter formulation were found to be important
in this study. First, it was discovered that the standard Kalman filter covariance propagation is highly inaccurate
for this problem. Spurious and rapid loss of variance and increase of correlation length scales occur as a result
of diffusion of the small-scale structures inherent in tracer error covariance fields. A new formulation based on
well-understood properties of the continuum error covariance propagation was therefore introduced. Second,
validation diagnostics suggested that the initial error, model error, and representativeness error are all more
appropriately assumed to be relative than absolute in this problem. A filter formulation for relative errors was
therefore devised. With these two modifications, this Kalman filter assimilation system has only three tunable
variance parameters and one tunable correlation length-scale parameter.

1. Introduction

This article introduces the formulation of a Kalman
filter system designed for assimilating chemical tracer
observations obtained by sounding the earth limb. The
system has been implemented on distributed-memory
parallel computers (Lyster et al. 1997) and has been
used to assimilate observations from instruments on
board the Upper Atmosphere Research Satellite (UARS).
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It also serves the purpose of providing a benchmark for
simplified chemical tracer assimilation schemes, such as
schemes analogous to those described by Todling and
Cohn (1994) and Cohn and Todling (1996) for meteo-
rological problems. In a companion paper (Ménard and
Chang 2000, referred to hereafter as Part II) we present
results of UARS data assimilation experiments and dis-
cuss the relative importance of different components of
the Kalman filter assimilation system.

The Kalman filter is often used as a paradigm to help
understand sequential data assimilation schemes (e.g.,
Daley and Ménard 1993). Its extension to smoothing is
also used to explain and help simplify other four-di-
mensional schemes such as 4D-Var (Courtier et al. 1994;
Ménard and Daley 1996). However, due to its compu-
tational complexity, the Kalman filter in full extent can
rarely be applied to realistic atmospheric data assimi-
lation problems involving actual observations. As a re-
sult, little is known to date about how to formulate the
Kalman filter appropriately for realistic problems and,
in particular, about how to formulate its required sta-
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tistical inputs, such as the model error covariance. Con-
sequently, knowledge about its actual behavior in prac-
tice is lacking.

In this article we present a formulation and appli-
cation of the Kalman filter tailored specifically to our
assimilation problem of chemical tracer observations
taken from limb-sounding instruments. The assimilation
system is based on a two-dimensional approximation,
described in (A) below, but otherwise contains no com-
putational simplification or approximation of the hori-
zontal dynamics of the forecast error covariance. The
two-dimensional approximation makes the Kalman filter
implementation feasible with present-day computers.
Our assimilation problem also has two important char-
acteristics (C1 and C2):

(A) The assimilation of chemical tracer data obtained
from limb-sounding instruments can be accurately
approximated as a two-dimensional problem.
Short-term prediction of long-lived chemical con-
stituents is well approximated as a two-dimensional
transport on individual isentropic surfaces. Sound-
ings of the earth limb provide no information below
and little information above the tangent point in
the retrieved quantities; that is, vertical observa-
tional error correlation can be neglected.

(C1) The propagation of the forecast/analysis error
covariance is linear and thus linear filtering theory
applies. Both the transport model and the forward
observation operator are linear operators. No mo-
ment closure assumption or tangent linear assump-
tion is required.

(C2) The continuum dynamics of the forecast error
covariance function and its main properties have
been established by Cohn (1993). The forecast er-
ror variance satisfies transport dynamics, and the
covariance function is a Lagrangian-conserved
quantity.

One important finding of this article is that the stan-
dard (discrete) Kalman filter forecast error covariance
evolution equation for tracer dynamics, which approx-
imates the continuum forecast error covariance dynam-
ics, can entail significant and completely spurious dis-
cretization error. This error turns out to be so large for
our assimilation problem that it is comparable to all
other combined sources of model error, which include
the error of the driving winds as well as all physical
and chemical effects not accounted for in pure two-
dimensional transport (A), as we shall conclude in Part
II. Part of our Kalman filter formulation is, therefore, a
modification of the standard one to conform more close-
ly to the continuum properties (C2).

Our formulation of the statistical inputs for the Kal-
man filter—the model and observational error covari-
ances, and the initial state and its error covariance—is
based partly upon aircraft measurements of spectral
properties of tracer fields and partly upon the principle
of minimizing data shocks. Free variance parameters

are estimated using a robust x2 validation diagnostic
(Bennett and Thornburn 1992; Dee 1995a). This diag-
nostic is robust in the sense that it is independent of the
probability distribution of the observed-minus-forecast
(OmF) residuals. Although the x2 diagnostic is most
often used as a validation tool, our filter formulation
has only one free variance parameter for the observa-
tional error, one for the model error, and one for the
initial error, and we found that the x2 diagnostic could
also be used for tuning these few parameters. This tun-
ing has allowed us to conclude in particular, knowing
the measurement error, that accounting for the repre-
sentativeness error is important in our assimilation prob-
lem.

Assimilation experiments and x2 validation results
have also suggested that the observational, model, and
initial errors are all state dependent, and we have for-
mulated a generalized Kalman filter algorithm accord-
ingly. The standard algorithm assumes that these errors
are not correlated with the signal (or true state). This
lack of state dependence has been criticized as being
inappropriate for atmospheric data assimilation. Errors
arising from numerical discretization of the continuum
dynamics and forward observation operators, for ex-
ample, have been clearly related to the signal (Cohn and
Dee 1988; Cohn 1997). This signal–error correlation
yields, however, a larger set of Kalman filtering equa-
tions (Mitchell and Daley 1997a,b). Instead, we take a
pragmatic approach of modeling state dependence di-
rectly with state estimates, either the forecast or the
analysis. Our generalized Kalman filter algorithm then
retains the standard form, as we show in the appendix.

The organization of this paper is as follows. In section
2 we present the theoretical background, including the
stochastic hypotheses and the assumptions on state-de-
pendent errors. We also introduce the x2 validation tool.
In section 3 we describe the transport model, assess the
numerical accuracy of the standard Kalman filter error
covariance computation, and modify this computation
to obey more closely the continuum forecast error co-
variance dynamics. To motivate the use of appropriate
covariance models and to describe the UARS data, we
present in section 4 the result of assimilation experi-
ments using a naive Kalman filter configuration, ac-
counting for neither the model error nor the represen-
tativeness error and using a simple initial error covari-
ance. We identify appropriate covariance models for the
initial, observational, and model errors in section 5,
through a series of assimilation experiments. We sum-
marize our Kalman filter formulation in section 6.

2. Theory of estimation of chemical tracer fields

a. Kalman filter assimilation method

In our assimilation problem, the true state is atmk

discrete representation of the continuum consistent with
the transport model (Cohn 1997). It is a random vector
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of mixing ratios, of dimension n, to be estimated on the
basis of observations. The minimum variance estimate
is a conditional expectation given the available obser-
vations (e.g., Jazwinski 1970; Cohn 1997). The mini-
mum variance analysis estimate at time tk is definedamk

as the n vector
a t om [ ^m | m &,k k k (2.1)

where
o o o om [ {m , m , . . . , m }k 1 2 k (2.2)

denotes the set of all observed values of mixing ratio
up to and including time tk. The observation vectors

have dimension pi. To extend the Kalman filter the-omi

ory to state-dependent errors it is important to note that
the conditional expectation ^ | & is made with respectomk

to a realization of the observations, so that the analysis
estimate is not a random variable and is a functionamk

of the observed values. The minimum variance forecast
estimate is similarly defined as the conditional ex-fmk11

pectation of the true state at the next model time step,
tk11, given all observed values up to and including time
tk,

[ ^ | &.f t om m mk11 k11 k (2.3)

Note again that the forecast estimate is not a random
variable and is a function of the observed values.

The observations are related to the true state through
an observation equation, taken to have the form

5 Hk 1 .o t om m ek k k (2.4)

The observations are mixing ratios retrieved from limb-
sounding instruments and, therefore, are of the same
physical quantity as the prognostic variable of the trans-
port model. The discrete forward observation operator,
Hk, is taken to be a simple bilinear interpolation on the
latitude–longitude grid of the transport model. The ob-
servational error,

5 1 ,o m re e ek k k (2.5)

is composed of the measurement (retrieval) error, ,mek

and the representativeness error, . The measurementrek

error includes effects due to detector noise, as well as
forward and inverse modeling errors in the retrieval
process. The measurement error variance can be esti-
mated through error analysis of the retrieval scheme
(Rodgers 1990) and is reported by the instrument teams.
The representativeness error arises from subgrid-scale
variability (Cohn 1997), numerical discretization error
associated with the operator Hk (Daley 1993), and mis-
specification of the discrete forward operator, all of
which depend on the state. The representativeness error
covariance will be estimated through the OmF statistics
using the x2 diagnostic, as described in section 5 and
Part II.

To express state dependence of the representativeness
error, we assume the following form:

5 g(Hk ) + ,r f re m ẽk k k (2.6)

where g denotes some vector function of the interpolated
forecast state Hk . The symbol + denotes the compo-fmk

nent-wise (Hadamard) product; g, , and all haver rẽ ek k

the dimension of the observation vector, pk. Here isrẽk

assumed to be state independent, white in time, normally
distributed with zero mean and unit covariance, and
uncorrelated with the measurement error. In the Kalman
filter, the observational error covariance is actually de-
fined as a conditional expectation (see the appendix).
Under the stated assumptions, the observational error
covariance is given by

5 1 ,o m rR R Rk k k (2.7)

where is the measurement error covariance;mRk

[r r r T t oR ^e (e ) z m , m &k k k k k21

5 ,f f T[g(H m )g(H m ) ] + Ik k k k mk
(2.8)

is the representativeness error covariance, a diagonal
matrix; and is the pk 3 pk identity matrix. The formImk

of g will be established later, in section 5. We assume
to be diagonal, and use the values of the measure-mRk

ment error variance reported by the instrument teams
as the diagonal elements. The observational error co-
variance matrix is therefore diagonal: we have as-oRk

sumed no spatial error correlation. We remark that al-
though such an assumption may be unrealistic, estab-
lishing the error correlation length scale with existing
methodology would require additional observations
having spatially uncorrelated observational errors (e.g.,
Dee and da Silva 1999; Dee et al. 1999), which are
unavailable.

To evolve the true state we discretize the (stochastic)
dynamics of a conservative tracer on isentropic surfaces
with random forcing,

]m
1 V · =m 5 f , (2.9)

]t

where m is the tracer mixing ratio, V is the horizontal
wind field along an isentropic surface, and = is the
horizontal gradient on the isentropic surface. The ran-
dom forcing term f represents, in part, the physical and
chemical effects that are neglected in the isentropic ad-
vection dynamics but are present in the actual transport
of long-lived species. Vertical and horizontal diffusion
and chemical sources and sinks are among these effects.
Wind error effects are also part of the random forcing
f, since we use an analyzed wind field V instead of the
true winds.

Discretizing (2.9) gives an evolution equation for
. An additional forcing term arises from numericaltmk

discretization error (Cohn and Dee 1988). The resulting
equation is written in the form

5 Mk 1 ,qt tm m ek11 k k (2.10)

where the model error represents collectively theqek

numerical discretization error and the effect of f inte-
grated from time tk to tk11. We use the Lin and Rood
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(1996) transport model based on the second-order-ac-
curate van Leer scheme with the monotonic and positive
constraints removed, yielding a linear transport model
Mk. This linearity is important to avoid moment closure
problems in the filter algorithm.

Numerical experiments to be described in section 5
suggest that the model error is state dependent. Sim-qek

ilarly to the representativeness error, we assume a model
error of the form

5 f( ) + ,q qae m ẽk k k (2.11)

where f depends on the analysis state. Here is as-qẽk

sumed to be state independent, white in time, normally
distributed with zero mean and unit variance, and un-
correlated with the measurement error and initial error.
The model error covariance is given by

Qk [ ^ ( )T | & 5 [f( )f( )T] + ,q q qo a ae e m m m Ck k k k k k (2.12)

where is a correlation matrix. The initial error co-qCk

variance, P0, is also taken to have a similar form, and
will be described in section 5.

The Kalman filter algorithm that results from these
state-dependent error assumptions is shown in the ap-
pendix to have the standard (Kalman filter) form. In
particular it is shown that the Bayesian update leads to
the usual analysis equation, given by (2.15) below. The
algorithm is composed of two steps, as usual. In the
analysis step, the analysis estimate (2.1) is calculated
along with the analysis error covariance, defined by

[ ^( 2 )( 2 )T | &.a t a t a oP m m m m mk k k k k k (2.13)

Similarly, the forecast estimate (2.3) and corresponding
forecast error covariance,

[ ^( 2 )( 2 )T | &,f t f t f oP m m m m mk11 k11 k11 k11 k11 k (2.14)

are calculated in the forecast step.
The analysis step consists of the equations

a f o fm 5 m 1 K (m 2 H m ) and (2.15)k k k k k k

a f o TTP 5 (I 2 K H )[(I 2 K H )P ] 1 K R K , (2.16)k k k k k k k k k

where
f f oT T 21K 5 (H P ) [H (H P ) 1 R ]k k k k k k k (2.17)

is the Kalman gain matrix. The forecast step consists
of the equations

f am 5 M m and (2.18)k11 k k

f a TP 5 M (M P ) 1 Q . (2.19)k11 k k k k

The expression Mk(Mk )T in (2.19) is often written asaPk

Mk . Actually, the transpose operator only appearsa TP Mk k

as a result of how the covariance is stored, that is, as a
matrix. In fact, in the expression Mk , the transposeda TP Mk k

model matrix or adjoint model is not used as anTMk

operator: is not used to left-multiply a vector or aTMk

matrix. Rather, it is Mk itself that is used to left-multiply
the matrices and (Mk )T. It is a common mistake toa aP Pk k

believe that the Kalman filter algorithm uses an adjoint
model.

Numerical implementation of the Kalman filter al-
gorithm was made on distributed-memory parallel com-
puters (Lyster et al. 1997) to obtain efficient throughput
times. The code uses the covariance decomposition
method of Lyster et al. (1997), and runs on the National
Aeronautics and Space Administration (NASA) God-
dard Space Flight Center Cray T3E using the Message
Passing Interface. Currently, a throughput rate of about
2 min (wall clock time) per day of assimilation at 48 3
58 resolution for a single isentropic level is achieved
with 128 processors.

b. x2 validation

Optimality of the Kalman filter depends strongly on
correct specification of the input error covariances, ,oRk

Qk, and P0, which determine how accurately the co-
variances and computed according to the Kalmana fP Pk k

filter algorithm reflect the actual estimation error (Ben-
nett and Thorburn 1992; Daley 1992; Dee 1995a,b). The
x2 validation diagnostic presented here compares the
sample covariance of the OmF residual,

nk [ 2 5 ( 2 ) 2 Hk( 2 )o f o t f tm H m m H m m mk k k k k k k k

5 2 Hk
o fe e ,k k (2.20)

which is a combination of observational error andoek

forecast error , with the Kalman filter covariancefek

counterpart,

Sk [ ^nk | & 5 Hk(Hk )T 1 .T o f on m P Rk k21 k k (2.21)

Note that from the identity

nk 5 2 ^ | &,o o om m mk k k21 (2.22)

the OmF residual can be interpreted as that part of the
current observation not already explained by past ob-
servations, known also as the innovation.

The x2 quantities can be introduced in a variety of
ways (see, e.g., Dee 1995a). For our purpose, it is useful
to define x2 in the observation space as

[2 T 21x n S nk k k k

5 ).o f T f T o 21 o f(m 2 H m ) [H (H P ) 1 R ] (m 2 H mk k k k k k k k k k

(2.23)

Taking the conditional expectation of yields2xk

21 212 o T o T o^x | m & 5 ^n S n | m & 5 ^trace[S n n ] | m &k k21 k k k k21 k k k k21

21 21T o5 trace[S ^n n | m &] 5 trace[S S ]k k k k21 k k

5 p .k (2.24)

That is, the conditional mean of is equal to the num-2xk

ber of observations (Bryson and Ho 1975, section 12.2),
provided that Sk is nonsingular. The importance of this
result owes to the fact that (2.24) is a robust relationship:
it neither assumes nor requires knowledge about the
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probability distribution of the innovations. However, un-
der an assumption that the innovations are Gaussian
distributed, is chi-square distributed with pk degrees2xk

of freedom.
The relationships (2.23)–(2.24) can be used to verify

the correctness of the innovation covariance matrix that
uses the computed by the Kalman filter algorithmfPk

and the specified in the algorithm. As described inoRk

Part II, we normalize by the number of observations2xk

pk, replace the conditional mean by a time mean, and
compare the result with unity. In fact, in section 5 we
introduce variance parameters into the specification of
the input error covariances , Qk, and P0, and in PartoRk

II we use the normalized to tune these parameters.2xk

We remark that since temporal (serial) correlations do
not alter time averages, the time mean diagnostic is2xk

independent of any temporal correlation that might exist
in the innovations.

The condition (2.24) is a general diagnostic that2xk

can be used in a variety of assimilation schemes. This
diagnostic generalizes the ‘‘fit to the observations’’ in-
troduced by Ménard and Daley (1996) to include the
forecast error covariance in addition to the observational
error covariance. The diagnostic has been applied to2xk

4D-Var by Dee (1995a). In 3D-Var (Courtier et al.
1998), in (2.23) corresponds to twice the cost func-2xk

tion

1 oo T 21 oJ 5 (m 2 H m ) (R ) (m 2 H m )k k k k k k k2

1 ff T 21 f1 (m 2 m ) (P ) (m 2 m ), (2.25)k k k k k2

evaluated at the minimum (Tarantola 1987, section
4.3.6). The evaluation of in the Physical-space Sta-2xk

tistical Analysis System (Cohn et al. 1998) is particu-
larly inexpensive: using the solution yk of the equation

(Hk 1 )yk 5 nk,f T oP H Rk k k (2.26)

is just the inner product2xk

5 yk.2 Tx nk k (2.27)

3. Transport of the error covariance

a. Transport model

The transport model is an adaptation of the model of
Lin and Rood (1996). The Lin and Rood model solves
the tracer equation in conservation form to evolve den-
sity. To apply this model to the advection dynamics of
mixing ratio m, we write the advection equation in the
form

]m
1 = · (mV) 5 m= · V, (3.1)

]t

which is solved by operator splitting (Strang 1968). At
each time step, we solve

]m
1 = · (mV) 5 0, (3.2)

]t

using the second-order van Leer scheme of Lin and
Rood (1996), and then solve

]m
5 m= · V (3.3)

]t

with the backward Euler scheme, using the result of
(3.2) as the initial condition. Note that time discreti-
zation of (3.3) is actually not necessary as (3.3) admits
an analytical resolvent of the form exp(Dt= · V). Use
of the analytical resolvent showed, however, little dif-
ference in transport results when compared with the
backward Euler scheme. Although the original transport
problem formulated for the continuum is linear in m,
Eq. (2.9), the discrete transport model of Lin and Rood
(1996) is nonlinear due to monotonic and positive con-
straints. These constraints are, however, nondifferenti-
able and render ill-defined the linearization of the model
(Polavarapu et al. 1996; Xu 1996). To avoid this prob-
lem, we removed the monotonic and positive constraints
from the transport model.

The transport model is driven off-line by wind anal-
yses obtained from the Goddard Earth Observing Sys-
tem Data Assimilation System (GEOS DAS) version 1
(Pfaendtner et al. 1995) in a tropospheric–stratospheric
configuration. This configuration has a horizontal res-
olution of 48 3 58 with 46 levels (18 analysis levels)
and the uppermost level at 0.4 hPa. In GEOS DAS an
Incremental Analysis Update (IAU; Bloom et al. 1996)
is used, which acts as an effective time smoother. Time
smoothing has been recommended for off-line transport
models driven by analyzed winds (Waugh et al. 1997).
The IAU analysis winds, stored at 6-hourly intervals,
are linearly interpolated in time to the transport model
time step. In the vertical, the winds are linearly inter-
polated in the logarithm of potential temperature to the
isentropic surfaces. Above 10 hPa, a sixth-order Shapiro
(1970) filter has been applied in the zonal direction to
the winds after all interpolations have been performed,
to reduce small-scale noise. The transport model runs
at the same horizontal resolution as the wind analyses.

b. Covariance dynamics

Although technically correct for the discrete Kalman
filter, we have found that the Mk(Mk )T computation inaPk

(2.19) gives rise to significantly large discretization er-
ror. It has been argued from theoretical considerations
by Cohn and Dee (1988) and then by Cohn (1993) and
Mitchell and Daley (1997a,b) that this computation
could give rise to significant discretization error, the size
of which has remained unknown in practice. We first
sized the importance of this error when we began val-
idating the Kalman filter analyses in unobserved re-
gions. The analysis error variance computed by the Kal-
man filter indicated that the analysis had much more
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FIG. 1. Forecast error variance after 4 days, starting from unit
variance. (a) The variance obtained from using M(MP)T, and (b) the
variance obtained by using the advection equation for variance.

skill (i.e., lower analysis error variance) in jet regions,
for instance, than what was actually supported by com-
parison with a control dataset. Spurious results of this
type will be shown later in this section.

To understand this problem, let us first consider the
evolution of the covariance function corresponding to
the continuum dynamics (2.9). In the absense of random
forcing f, the covariance function obeys generalized ad-
vection dynamics in a four-dimensional space (Cohn
1993), twice that of the spatial dimension of the trans-
port problem (2.9):

]P
1 V · = P 1 V · = P 5 0, (3.4)1 1 2 2]t

where P 5 P(x1, x2, t) is the covariance function of
two points, x1 5 (l1, f 1) and x2 5 (l2, f 2). Here V1

5 [u(x1, t), y(x1, t)] is the wind vector at the point x1,
and similarly for V2, and =1, =2 are the horizontal gra-
dient operators with respect to the points x1 and x2.
Since the operators V1 · =1 and V2 · =2 commute, the
resolvent operator of (3.4) is the product of two resol-
vent operators, one solving the advection problem with
respect to x1 and the other with respect to x2 (Cohn
1993, appendix B), which is in fact operator splitting.
If we were to discretize each of these resolvents as a
discrete operator Mk, we would get 5 Mk(Mk )Tf aP Pk11 k

with and stored as matrices, which is preciselya fP Pk k11

the discrete Kalman filter covariance evolution equation.
If, on the other hand, we were to discretize (3.4) directly,
we would in general obtain a different and possibly more
accurate result. For example, solving a two-dimensional
advection equation by using operator splitting with one-
dimensional advection schemes is known to have ad-
verse consequences in general (e.g., Lin and Rood 1996,
section 2). Solving the two-dimensional equation in a
manner that obeys more directly the physics generally
leads to superior results.

To assess the numerical accuracy of the covariance
computed from Mk(Mk )T, we use some properties ofaPk

the analytical solution of the continuum covariance evo-
lution equation (3.4). Equation (3.4) can be solved by
the method of characteristics. Its solution has the prop-
erty that the covariance between a pair of material par-
ticles is conserved during transport (Cohn 1993); that
is, the covariance function is a Lagrangian-conserved
quantity. Consequently, the variance V(x, t) [ P(x, x, t),
which is the covariance of a material particle with itself,
is conserved along the particle trajectory. That is to say,
the variance obeys the advection dynamics:

]V
1 V · =V 5 0. (3.5)

]t

Let us compare the variance obtained from Mk(Mk )TaPk

with the variance obtained using the advection dynamics
(3.5) directly. Using a spatially uniform initial variance
field V [ 1, an integration on the 1100-K isentropic
surface was performed in pure transport mode, that is,

with no data assimilation, using the GEOS DAS winds
from 0000 UTC 6 September to 0000 UTC 10 Septem-
ber 1992. A first-order autoregressive (FOAR) corre-
lation model [see Eq. (5.2)] with a length scale of 3600
km was used as the initial correlation. This length scale
is typical and a discussion on how it was obtained will
be given in Part II. According to the Lagrangian con-
servative property, the variance should remain uniform
and of unit value regardless of the advecting wind field.
The results are displayed in Fig. 1. In Fig. 1a the var-
iance obtained from Mk(Mk )T is depicted. We observeaPk

a significant decrease in magnitude from unity, espe-
cially in the southern midlatitudes with values below
0.5. Figure 1b displays the variance obtained by apply-
ing the discrete transport model directly to the advection
equation (3.5). A departure from unity of at most 3%
is seen. These results show that the standard covariance
evolution equation (2.19) used in discrete Kalman fil-
tering can give rise to a significant and spurious loss of
variance.

To shed some light on this loss of variance, let us
take a closer look at the Mk(Mk )T computation, inaPk

which the covariance evolution is obtained by applying
the transport model on each column of P and then on
each row. Each column or row of P represents the co-
variance between a grid point and all the other grid
points of the domain. These columns and rows have
generally a near-zero value away from the diagonal,
which rises rapidly over a relatively short distance to-
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FIG. 2. Error correlation with respect to the reference point located
at (328S, 908W). (a) The initial FOAR correlation, and (b) the forecast
error correlation after 1 day using M(MP)T.

ward the diagonal of the P matrix, as shown in Fig. 2
with respect to the reference point located at (328S,
908W). Figure 2a shows the FOAR initial condition,
and Fig. 2b shows the correlation after one day of co-
variance evolution; the covariance has been normalized
by the computed variance to yield the correlation. Shear-
ing of the wind field, also depicted in Fig. 2, results in
contraction and stretching of the correlation pattern in
different directions. The correlation field in Fig. 2b has
a much finer structure than constituent fields for which
the model was designed to provide accurate simulations.
The operation Mk(Mk )T involves, in particular, differ-aPk

encing across the diagonal of P, giving rise to diffusion
of the peak of the covariance structure, manifested as
diffusion of the variance. The maximum loss of variance
seen in Fig. 1a corresponds to the region of strongest
wind shear and, thus, of largest gradients near the di-
agonal of P. Additional experiments (results not shown)
have demonstrated that this loss of variance also in-

creases with decreasing initial correlation length, as ex-
pected.

To remedy the loss of variance arising in the com-
putation Mk(Mk )T, a corrected-variance forecast erroraPk

covariance matrix, denoted by , is obtained by evolv-fyPk

ing the variance according to (3.5) using the transport
model, with the correlation obtained from Mk(Mk )T.aPk

That is, neglecting the model error for the moment, we
compute first

f a TP̃ 5 M (M P ) and (3.6)k11 k k k

f aṼ 5 M V , (3.7)k11 k k

where (i) 5 (i, i) is the analysis error variance ata aV Pk k

the grid point xi. Because small negative variance values
can result from (3.7) when no monotonic and positive
constraints are used in the transport model, advection
of the logarithm of the variance was used instead, with
the appropriate transformations at the beginning and the
end of each time step. The corrected-variance forecast
error covariance matrix is then given by

fy ff f˜ ˜ ˜P (i, j) 5 ÏV (i)V ( j)C (i, j), (3.8)k11 k11 k11 k11

where
fP̃ (i, j)k11fC̃ (i, j) 5 . (3.9)k11

f f˜ ˜ÏP (i, i)P ( j, j)k11 k11

Another important property of the covariance evolution
follows from the continuum dynamics (3.4). In the ab-
sence of model error covariance, and for nondivergent
winds, the total covariance [P] defined as the integral
over the four-dimensional covariance space,

[P] [ P(x , x ) dS dS , (3.10)E E 1 2 1 2

S S1 2

is a conservative quantity,

][P]
5 0. (3.11)

]t

Here dSi is the element of surface area on the sphere
Si. In Fig. 3 we show the evolution of the total co-
variance starting at the same time and on the same is-
entrope as in the previous experiment, still with no mod-
el error, but with the divergent part of the wind removed.
The solid curve corresponds to the standard form of the
Kalman filter, that is, using Mk(MkPk)T. The total co-
variance is constant because the transport model of Lin
and Rood (1996) is mass conserving. The dashed curve
corresponds to the corrected-variance evolution scheme
(3.6)–(3.9). The steady increase of the total covariance
represented by the dashed curve results from the fact
that this scheme compensates for the loss of variance
in the denominator of (3.9). We thus conclude that the
spurious numerical diffusion in the computation of
Mk(MkPk)T produces not only a loss of variance but also
an increase of the correlation length scales. To correct
for this increase of the correlation length scales in the
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FIG. 3. Evolution of the total covariance [P]. The solid curve cor-
responds to the standard discrete Kalman filter. The dashed curve
corresponds to the corrected-variance evolution scheme (3.6)–(3.9).
The dotted curve is obtained by using further the Hadamard product
(3.12).

corrected-variance evolution scheme (3.6)–(3.9), we
take the Hadamard product of Pfy and a ‘‘prescribed
correlation model’’ C, such as an isotropic FOAR mod-
el, yielding a corrected forecast error covariance matrix,

(i, j) 5 (i, j)C(i, j),c fyP Pk11 k11 (3.12)

that has smaller length scales than either of the two
covariance matrices being multiplied (Gaspari and Cohn
1999). The dotted curve in Fig. 3 depicts the evolution
of the total covariance using an isotropic FOAR cor-
relation model C with a very large length scale, L 5 8
3 109 m. This length scale, obtained by trial and error,
was chosen to yield a nearly constant total covariance.
The multiplication (3.12) represents only a small cor-
rection per time step since this L is more than a thousand
times the radius of the earth.

Summarizing, we replace the standard Kalman filter
covariance evolution on equation (2.19) by

5 1 Qk,f cP Pk11 k11 (3.13)

with C and L as described above. This scheme propa-
gates variance directly, according to the continuum var-
iance dynamics, and very nearly conserves the total co-
variance. It will be applied throughout this study in data
assimilation mode, and its effect will be demonstrated
in Part II. The corrected scheme is admittedly crude,
and in particular it cannot be validated readily in data
assimilation mode. Numerical schemes discretizing the
continuum covariance dynamics (3.4) more directly
could be developed in the future and may address the
issues of covariance dynamics more properly.

4. A simple assimilation experiment

The Cryogenic Limb Array Etalon Spectrometer
(CLAES) and the Halogen Occultation Experiment
(HALOE) are two UARS limb-sounding instruments that
provide very different observation patterns, and will be
used throughout this paper to compare and validate re-
sults of the Kalman filter. The CLAES instrument mea-
sures thermal emission from the earth limb, retrieving
about 1300 vertical profiles per day for several chemical
constituents (Roche et al. 1993). To minimize exposure
to the sun, thus preventing heating of the infrared in-
struments, the spacecraft changes its orientation with
respect to its orbit each 36 days, from a fly-forward
position to a fly-backward position and vice versa (Re-
ber 1993). This results for CLAES in two different re-
gions of latitudinal coverage, 808S–348N (south limb
view) and 348S–808N (north limb view), alternating
each 36 days. The HALOE instrument, on the other
hand, provides more limited coverage as it operates with
a solar occultation technique (Russell et al. 1993). The
observing pattern of HALOE consists of about 15 pro-
files per day along each of two latitude circles, usually
in opposite hemispheres. With orbital precession and
revolution, nearly complete latitudinal coverage is ob-
tained in roughly a month and a half. The positions of
the CLAES and HALOE observations for a single day,
on 8 September 1992, are depicted in Fig. 4.

In this paper the retrieved mixing ratios for HALOE
CH4 (version 18) and CLAES CH4 (version 8) are used
as the observations. These limb-sounding retrievals are
sensitive to the gas mixing ratio close to the tangent
point over a distance typically of about 400 km along
the ray path, which is about the size of our transport
model grid. There is also averaging in the direction of
satellite motion, due to the duration of the measurement,
that does not exceed 500 km. Since the aperture function
is therefore barely resolvable by the transport model
grid, we have neglected its effect and treated the re-
trieved information as point observations, using a sim-
ple bilinear interpolation for the discrete forward ob-
servation operator Hk. We should note that the retrievals
assume spherical symmetry along the ray path, so that
the retrieved data have little dependence on the prior
(Rodgers 1990; Marks and Rodgers 1993), and are thus
suitable for data assimilation (Joiner and da Silva 1998).
We have not attempted to account for this assumption
nor to assimilate the radiances.

The instrument error is generally obtained by per-
turbing the input radiance with random test error values,
and its standard deviation has been reported as ‘‘qual-
ity’’ in the level 3AT dataset. Detailed analyses of errors
in HALOE CH4 and CLAES CH4 retrievals are given
by Park et al. (1996) and Roche et al. (1996), respec-
tively. The relative error, or quality/mixing ratio, is a
nearly constant quantity characterizing the retrieval er-
ror for a given instrument and gas.

In this first assimilation experiment, we have made
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FIG. 4. Observational coverage for (a) HALOE and (b) CLAES for 8 Sep 1992.

no attempt to specify any input covariance information
based on the innovation statistics. Instead, we have tak-
en the instrument error to be the sole type of obser-
vational error and have assumed no model error. The
measurement error is about 0.4% for HALOE CH4 at
1100 K, and about 7.3% for CLAES CH4. For the initial
condition, we used the zonal, monthly mean of the
CLAES observational data (binned into 48 latitude
bands) over the preceding month, and the variance about
this mean. Values near the poles were obtained by ex-
trapolation with a cubic spline with zero slope at the
poles. As in the experiment of section 3, the initial error
correlation was taken to be the FOAR model (5.2) with
a length scale of 3600 km. This length scale was ob-
tained by using the maximum-likelihood method (Dee
1995b), as discussed in Part II.

Experiments assimilating either CLAES or HALOE
CH4 mixing ratio data were carried out on the 1100-K
isentropic surface starting again at 0000 UTC 6 Sep-
tember 1992. The results after 4 and 5 days of assim-
ilation of CLAES data only are depicted in Figs. 5a and
5b, respectively. The CLAES instrument is in south limb
view during this period, providing coverage between
808S and 348N (Fig. 4) and, thus, sees directly the
‘‘tongue’’ of tropical air breaking out into the southern
midlatitudes. The experiment was repeated with the
HALOE observations that, throughout the period, re-
mained limited to the tropical region and to a narrow
latitude band near 728N (Fig. 4). Results are depicted
in Figs. 5c and 5d. The CLAES and HALOE obser-
vations differ systematically by a factor of about 1.4,
and the color bars have been adjusted to account for
this observational bias between the two instruments. The
initial condition for the HALOE assimilation was also
modified by dividing the mean and variance by 1.4 and
(1.4)2, respectively.

Since there are no HALOE observations in the south-
ern extratropics and northern midlatitudes, comparison
of the CLAES and HALOE analyses can serve as a basis
to assess the ability of the Kalman filter to infer infor-
mation in these unobserved regions. Unrealistically

large mixing ratio values are obtained with the HALOE
assimilation on day 5 in these regions, particularly
throughout most of the Southern Hemisphere, which
contrasts with a relatively successful analysis on day 4.
We conclude that the simple error covariances for P0,
Rk, and Qk (set to zero) produce Kalman filter assimi-
lation results that are not reliable for sparse observa-
tions.

5. Modeling of the input error covariances

As noted in section 2b and illustrated in the previous
section, successful implementation of a Kalman filter
depends on correct specification of the input error co-
variances, , Qk, and P0. In this section we present theoRk

rationale for and the description of our choice of co-
variance models, along with the choice of initial state
m0.

a. Initial conditions

The initial condition for a Kalman filter (2.15)–(2.19)
consists of the unconditional mean estimate m0 5 ^ &tm0

of the initial state, and the corresponding unconditional
error covariance P0 5 ^( 2 ^ &)( 2 ^ &)T&. Thet t t tm m m m0 0 0 0

unconditional mean estimate is the minimum variance
estimate obtained without observations. Such an esti-
mate can be thought of as being provided by a long-
term integration of a three-dimensional chemical trans-
port model with sources and sinks of CH4. This sim-
ulation would not depend directly on observations ex-
cept possibly through an initial condition whose effect
should become negligible after a long period of time.
For practical reasons, we used instead our two-dimen-
sional tracer transport of CH4 over a period of time,
starting from a zonal state described in section 4. The
integration period was chosen to be those 16 days prior
to the initial time of the assimilation. We found this
period to be long enough to yield a ‘‘spunup’’ tracer
field that is consistent with the winds, but not so long
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FIG. 5. Assimilation of methane observations using a zonal initial condition, no model error, and instrument error only as the observation-
al error. (a) and (b) The CLAES assimilation, and (c) and (d) the HALOE assimilation.

that numerical diffusion degrades the large-scale struc-
ture.

The initial error covariance is decomposed into a var-
iance and a correlation, which we specify separately. In
the absence of model error, the variance obeys the ad-
vection dynamics (3.5), and so does its square root, the
standard deviation. Consequently, they both behave as
tracers. Different tracer fields are often significantly cor-
related, differing mainly by a constant of proportionality
(e.g., Schoeberl and Lait 1992; Riishøjgaard and Källén
1997). We used this property as an assumption to pre-
scribe the initial error standard deviation, by taking it
to be proportional to the initial CH4 mixing ratio. The
constant of proportionality, g, was assigned a value of
12% based on the global root-mean-square deviation
about the zonal state described in section 4.

The initial error correlation was chosen to be isotropic
on the sphere. The correlation model was chosen on the
basis of its spectral characteristics, which in turn dictate
the spectral characteristics of the analysis increments

(Daley 1991, section 3.3) and, therefore, of the mixing
ratio analyses. One-dimensional spectra of long-lived
chemicals obtained from stratospheric aircraft measure-
ments at altitudes of about 25 km typically show spectral
slopes of about 22 at scales of tens to a few thousand
kilometers (Nastrom et al. 1986; Ngan and Shepherd
1997). The FOAR correlation model (5.2), whose spec-
trum R1 decays asymptotically as 22, was chosen for
the initial error correlation model, although our assim-
ilation is carried out at 1100 K (about 38 km of altitude).
Contrary to most correlation models used in meteoro-
logical data assimilation, such as the second-order au-
toregressive and Gaussian models (e.g., Daley 1991),
the FOAR correlation model is nondifferentiable, hav-
ing a cusp at the origin. Cusplike features have, in fact,
been noted in autocorrelation functions of stratospheric
aircraft measurements of chemical tracers (Bacmeister
et al. 1997).

The initial error covariance matrix thus takes the form

P0(i, j) 5 g2m0(i)m0(j)C(i, j), (5.1)
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FIG. 6. Initial mixing ratio and error variance for HALOE assimilations. (a) and (b) The spunup initial state and corresponding error
variance described in section 5a, respectively. (c) and (d) The zonal initial state and error variance described in section 4. The maximum
values in (d) are 5.5 3 10214 for the band around 388N, 4.0 3 10214 for the band around 208S, and 6.8 3 10214 for the band around 608S.
These bands of high variance are related to the wave activity along the subtropical edges and in the surf zone.

where the correlation matrix C is given by the FOAR
model

|r 2 r |i jC(i, j) 5 exp 2 . (5.2)1 2L

Here r i and r j are the position vectors of two points xi

and xj on the sphere, | · | denotes Euclidean distance in
R 3 (chordal distance on the sphere), and L is the cor-
relation length scale. Use of position vectors restricted
to the sphere guarantees that the correlation matrix is
positive definite and periodic on the sphere (Gaspari
and Cohn 1999).

Using the initial state described above and the initial
error covariance (5.1)–(5.2), depicted in Figs. 6a and
6b, we carried out an 8-day assimilation of HALOE
CH4 data on the 1100-K isentrope starting again at 0000
UTC 6 September 1992. This experiment is identical to
the previous HALOE experiment, described in section

4, except for the initial conditions, shown for compar-
ison in Figs. 6c and 6d. The new experiment resulted
in a smooth time evolution of the mixing ratio analysis,
the zonal mean of which has been plotted for concise-
ness in Fig. 7a. This contrasts with the evolution ob-
tained in the previous HALOE experiment, plotted in
Fig. 7b, which shows considerable noise beyond day 4
associated with the Southern Hemisphere shear zone;
compare with Fig. 5d.

These experiments were conducted with no model
error and an observational error variance that is small
relative to the initial error variance, that is, about 0.0042

versus 0.122. In addition, the total number of obser-
vations up to eight days, about 240, is far less than the
number of state variables n 5 3312 for our transport
model at 48 3 58 resolution. Therefore, the observations
are insufficient to determine the state after eight days,
and the analysis still depends on the initial conditions



AUGUST 2000 2665M É N A R D E T A L .

FIG. 7. Zonal mean time evolution of HALOE CH4 analyses. (a) The result starting from the spunup initial conditions described in sec-
tion 5a. (b) The result of starting from the zonal mean initial conditions of section 4.

(e.g., Cohn and Dee 1988; Ménard 1994; Ménard et al.
1995; Daley 1997). Furthermore, because the obser-
vational error variance is small, the analysis increments
can be large, and data shocks, as evident in Fig. 5d, can
occur if the initial conditions are inappropriate. Our ex-
perimental results lead us to the conclusion that appro-
priate initial conditions under these stringent circum-
stances, and therefore under most circumstances, can be
obtained by using a spunup tracer field, an error standard
deviation proportional to the mixing ratio, and the
FOAR correlation model.

b. Representativeness error

Two covariance models were considered for the rep-
resentativeness error, an absolute error model and a rel-
ative error model. The choice of model will be made
on the basis of a regional diagnostic in HALOE as-2xk

similation experiments.
In the absolute error model, the function g in (2.6)

is simply the product of a dimensionless constant a and
a typical global mean mixing ratio m . The representa-
tiveness error covariance is then given by

5 ,r 2 2R a m Ik mk
(5.3)

according to (2.8). In the relative error model we choose
the function g to be linear, so that g(Hk ) 5 b(Hk ),f fm mk k

where the dimensionless constant b is the relative error
standard deviation. The representativeness error co-
variance is then given by

5 b2Rk,rRk (5.4)

where

Rk 5 f f T[(H m )(H m ) ] + Ik k k k mk

5 , . . . , ].f 2 f 2diag[(H m ) (H m )k k 1 k k mk
(5.5)

Here, diag(a1, . . . , an) is a diagonal matrix whose di-
agonal elements are a1, . . . , an.

We have conducted two series of 8-day HALOE CH4
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FIG. 8. Normalized mean from HALOE CH4 assimilation ex-2xk

periments. The circles depict the normalized mean using northern2xk

latitude observations, and crosses depict the normalized mean 2xk

using the tropical observations. Estimation error of one s is repre-
sented by error bars. (a) The results using the absolute error model,
where the abscissa is a (in %). (b) The results using the relative error
model, where the abscissa is b (in %).

assimilation experiments, each experiment being iden-
tical to that of the previous subsection except for the
inclusion of the representativeness error covariance
model. In the first series of experiments, the absolute
error model was used with values a 5 0.03, 0.05, 0.075,
0.1, and 0.125. The diagnostic (2.23) was carried out2xk

separately for two groups of data, the northern latitude
and the tropical innovations (see Fig. 4a), with the mean

normalized by the number of observations in each2xk

group. The results are presented in Fig. 8a. Circles2xk

(crosses) indicate the normalized for the northern2xk

(tropical) innovations; the estimation error bar of 1s
assumes Gaussian-distributed innovations. We note
large discrepancies between the results for northern lat-
itude and tropical innovations. In the second series of
experiments, we used the relative error model formu-
lation with b 5 0.03, 0.05, 0.075, 0.10, and 0.125. The
results depicted in Fig. 8b indicate a better agreement
between the values for the northern latitude and trop-2xk

ical innovations. In fact, for b $ 0.075, the values2xk

agree within less than 2s. The normalized is closest2xk

to one for b ù 0.086.
These results suggest that the relative representative

error formulation is more appropriate than the absolute
formulation. Another finding is that the relative repre-
sentativeness error for HALOE CH4 of about 8.6% is
much larger than the relative measurement error, which
is about 0.4%. This value of the relative representa-
tiveness error is also in rough agreement with the ‘‘data
repeatability’’ obtained for HALOE CH4 at the same
altitude, near 4 hPa (see Park et al. 1996). We choose
the relative error model for all subsequent assimilation

experiments, with b 5 0.086 in the case of HALOE
CH4.

We remark that the remaining discrepancy between
the northern latitude and tropical x2 results could pos-
sibly be ameliorated by choosing the function g of (2.6)
to depend on derivatives of the mixing ratio field, to
reflect interpolation errors in the observation operators
Hk. While our formulation of the Kalman filter accom-
modates such dependence, we have not tried such a
model of the representativeness error.

c. Model error

It is important in general to include effects of model
error in a Kalman filter. First and foremost, when model
error is neglected, the computed forecast error variance
becomes unrealistically small, and therefore the filter
ultimately stops ‘‘paying attention’’ to new data—a
problem known as filter divergence (e.g., Daley and
Ménard 1993). Second, accounting for model error pre-
vents the analysis from always having sensitivity to the
initial error covariance specification.

Although little is known about the model error co-
variance in general, we know that it will impact the
forecast error covariance at each time step. Rather than
attempting to account for each individual source of error
(e.g., Houtekamer et al. 1996), a potentially cumber-
some task, we decided to adopt the relative formulation
of the initial error covariance with the purpose of min-
imizing data shocks. Consequently the model error co-
variance matrix has the form

Qk(i, j) 5 d2 (i) (j)Cq(i, j),a am mk k (5.6)

where d is a relative error parameter and Cq is the model
error correlation matrix, held constant in time. In ac-
cordance with the general formulation, Eq. (2.12), the
model error covariance matrix prescribed here depends
on the current analysis, and in particular assumes the
model error std dev to be proportional to the analysis
field. The relative error parameter d will be determined
by x2 tuning in Part II. The model error correlation
model Cq has been chosen to be identical to the initial
error correlation model (5.2), with the same value of
the length-scale parameter.

In lieu of prescribing a model error covariance ex-
plicitly, we also implemented a fading memory filter
(Sorenson and Sacks 1971), in which the computed fore-
cast error covariance is simply multiplied by a scalar
slightly greater than one. This is equivalent to giving
less weight to old observations and is a well-known
technique in engineering to prevent filter divergence
(e.g., Jazwinski 1970). The application of this scheme
to our data assimilation problem, however, gave rise to
exponential growth of variance away from the obser-
vations and therefore created large and unrealistic anal-
ysis increments away from the observations (results not
shown). This approach was thus abandoned in favor of
adding a model error covariance matrix (5.6).
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6. Conclusions

We have introduced the formulation of a Kalman filter
system for the assimilation of chemical tracer obser-
vations obtained from limb-sounding instruments. The
system is tailored to this specific application. A two-
dimensional approximation on isentropic surfaces has
been made for the whole assimilation problem, permit-
ting full computation of the forecast and analysis error
covariances. We thus neglect the vertical error corre-
lation in the observations and in the dynamics, diabatic
effects, vertical mixing, and also chemistry as well as
sources and sinks of the constituents. The approximation
in the chemical transport, including wind errors, is ac-
commodated by a model error covariance in the Kalman
filter algorithm.

The Kalman filter requires specification of the initial,
observational, and model error covariances. The design
of these covariances followed from a series of assimi-
lation experiments. To validate and tune covariance pa-
rameters, we introduced a robust x2 diagnostic that com-
pares the sample covariance of the innovations with the
innovation covariance obtained from the Kalman filter
algorithm.

To formulate the initial error covariance, we set up
an experimental configuration acutely sensitive to the
initial covariance specification by neglecting model er-
ror and the representativeness error component of the
observational error, and by assimilating only HALOE
observations, which are accurate but sparse. Smooth
evolution of the CH4 mixing ratio field, with little data
shock, was obtained by taking the initial error std dev
to be proportional to a spunup initial mixing ratio field.
This initial field was obtained from an integration of the
transport model for the 16 days prior to the initial time
of the assimilation period. The initial error correlation
was chosen on the grounds that the spectral response to
a single observation should be in agreement with the
spectrum of the state itself, which is known from aircraft
measurements to have a spectral slope near 22 at the
relevant spatial scales. This argument suggested the use
of a FOAR correlation.

The model error covariance was designed on the basis
of the same considerations. The std dev was taken to
be proportional to the analysis state, and the FOAR
correlation was used.

The observational error, assumed to be horizontally
uncorrelated, was decomposed into a measurement error
and a representativeness error. The measurement error
variance was provided by the UARS instrument teams.
By monitoring the x2 diagnostic in different geograph-
ical regions in the assimilation experiments, we deduced
that taking the representativeness error std dev to be
proportional to the forecast state is more appropriate
than taking it to be constant for all observations.

These findings about error characterization suggested
state-dependent initial, observational, and model errors,
which dictated a revision of the original Kalman filter

theory. We found, however, that the Kalman filter retains
its usual form as long as the state dependence is ex-
pressed in terms of the conditional expectations, that is,
given the forecast or the analysis states, which is a prag-
matic approach.

The numerical accuracy of the standard (discrete)
Kalman filter forecast error covariance computation was
also assessed against known properties of the continuum
forecast error covariance dynamics. We found a strong
loss of variance and an increase of correlation length
scales arising from spurious dissipation of small-scale
covariance structures by the transport model. This was
especially severe in regions of strong wind shear. An
alternative computational scheme without these defects
was developed on the basis of the theory of Cohn (1993)
and was applied to all the experiments in this study and
in Part II.

Our Kalman filter formulation reduces the number of
unknowns to one correlation length-scale parameter and
three variance parameters: an FOAR length scale, a rel-
ative initial error standard deviation, a relative repre-
sentativeness error standard deviation, and a relative
model error standard deviation. This Kalman filter will
be used for assimilation experiments in Part II.
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APPENDIX

A Derivation of the Kalman Filter for
State-Dependent Errors

a. Analysis step

The analysis equation of the Kalman filter is based
on an update of the prior conditional probability density
function p( | 5 ) to yield the posterior prob-t o om M mk k21 k21

ability density function p( | 5 ), for a givent o om M mk k k

realization of the set of all possible values ofo om Mk k

the observation vectors from time t1 to tk. We distinguish
between the set of random observation vectors, thatoM k

is, [ { , . . . , }, where is the random ob-o o o oM M M Mk 1 k k

servation vector at time tk, and its realization [omk

{ , . . . , }, where is the vector of observed valueso o om m m1 k k

or realization, 5 , of the observation vectoro oM mk k

. To derive this update of conditional probabilitiesoMk
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we first use Bayes’ theorem for the random observation
vectors. Using the definition of conditional probability
density function (pdf ), we get

t o op(m , M , M )k k k21t o t o op(m | M ) 5 p(m | M , M ) 5k k k k k21 o op(M , M )k k21

o t o t op(M | m , M )p(m , M )k k k21 k k215
o op(M , M )k k21

o t o t o op(M | m , M )p(m , M )p(M )k k k21 k k21 k215
o o op(M | M )p(M )k k21 k21

o t o t op(M | m , M )p(m | M )k k k21 k k215 .
o op(M | M )k k21

(A.1)

In the identity (A.1) the conditional pdf’s can always
be restricted to a realization 5 of the observa-o oM mk k

tions. Thus we have

t o op(m | M 5 m )k k k

o t o o t o op(m | m , M 5 m )p(m | M 5 m )k k k21 k21 k k21 k215 .
o o op(m | M 5 m )k k21 k21

(A.2)

Assuming, as usual in Kalman filtering, that the (rela-
tive) observational error ek is Gaussian distributed, we
will show that a Gaussian-distributed prior pdf yields a
Gaussian-distributed posterior pdf. The evaluation of
each term in (A.2) follows.

The prior density p( | 5 ), with condi-t o om M mk k21 k21

tional mean [ ^ | 5 & and conditionalf t o om m M mk k k21 k21

covariance [ ^( 2 )( 2 )T | 5f t f t f oP m m m m Mk k k k k k21

&, is written asomk21

t o op(m | M 5 m )k k21 k21

1 1 ft f T 21 t f5 exp 2 (m 2 m ) (P ) (m 2 m ) .k k k k kfn [ ]2Ï(2p) |P |k

(A.3)

Conditional expectations such as ^ | 5 & aret o om M mk k21 k21

abbreviated in the text as ^ | &.t om mk k21

To evaluate p( | , 5 ), let us first refero t o om m M mk k k21 k21

to the observation equation,

5 Hk 1 gk(Hk ) + ek.o t fm m mk k k (A.4)

We remark first that, by definition, the forecast [fmk

^ | 5 & is not a random variable. Thus int o om M mk k21 k21

(A.4) for a given and realization 5 ,t o o om M m mk k21 k21 k

depends only on the single random variable ek, which
is Gaussian distributed. The conditional pdf p( | ,o tm mk k

5 ) is thus Gaussian and its mean and co-o oM mk21 k21

variance is obtained as follows:

o t o o^m | m , M 5 m &k k k21 k21

t t o o5 ^H m | m , M 5 m &k k k k21 k21

t o o t o o1 ^g (H ^m | M 5 m &) +e | m , M 5 m &k k k k21 k21 k k k21 k21

t t o o5 H m 1 g (H ^m | M 5 m &)k k k k k k21 k21

t o o t+ ^e | m , M 5 m & 5 H mk k k21 k21 k k (A.5)

and

o t o t T t o o^(m 2 H m )(m 2 H m ) | m , M 5 m &k k k k k k k k21 k21

f T T f t o o5 ^g (H m ) +e e +g (H m ) | m , M 5 m &k k k k k k k k k k21 k21

of T f5 R + [g (H m )g (H m )] [ R .k k k k k k k k (A.6)

Note that in (A.5) we assumed ek to be of zero mean,
and independent of the true state and of the observa-
tions, so that ^ek | , 5 & 5 ^ek& 5 0. Alsot o om M mk k21 k21

in (A6) we used ^ek & 5 Rk. The conditional pdfTek

p( | , 5 ) can thus be written aso t o om m M mk k k21 k21

o t o op(m | m , M 5 m )k k k21 k21

1
5

opkÏ(2p) |R |k

1 oo t T 21 o t3 exp 2 (m 2 H m ) (R ) (m 2 H m ) .k k k k k k k[ ]2

(A.7)

To evaluate the conditional pdf of given 5o om Mk k21

, that is, p( | 5 ), we note that fromo o o om m M mk21 k k21 k21

(A.4)

o o o^m | M 5 m &k k21 k21

t o o5 H ^m | M 5 m &k k k21 k21

t o o o o1 ^g (H ^m | M 5 m &) +e | M 5 m &k k k k21 k21 k k21 k21

f t o o5 H m 1 g (H ^m | M 5 m &)k k k k k k21 k21

o o f+ ^e | M 5 m & 5 H m .k k21 k21 k k (A.8)

Also, the conditional covariance is given by

o f o f T o o^(m 2 H m )(m 2 H m ) | M 5 m &k k k k k k k21 k21

f f5 ^(H e 1 g (H m ) +e )k k k k k k

f f T o o3 (H e 1 g (H m ) +e ) | M 5 m &k k k k k k k21 k21

f oT5 H (H P ) 1 R , (A.9)k k k k

where we assumed that the forecast error [ 2f te mk k

is uncorrelated with ek. From (A.4) we establish thatfmk

the conditional pdf p( | 5 ) is Gaussiano o om M mk k21 k21

since is the sum of two Gaussian-distributed randomomk

vectors, Hk and gk(Hk ) + ek. Thus we havet fm mk k
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1 1 f oo o o o f T T 21 o fp(m | M 5 m ) 5 3 exp 2 (m 2 H m ) [H (H P ) 1 R ] (m 2 H m ) .k k21 k21 k k k k k k k k k kf o 5 6p Tk 2Ï(2p) |H (H P ) 1 R |k k k k

(A.10)

Having derived the three conditional pdf’s in (A.2),
namely (A.3), (A.7), and (A.10), the posterior pdf can
now be calculated using a standard derivation of the
analysis step for Gaussian-distributed random vectors
found in many references on estimation theory (e.g.,
Jazwinski 1970, chapter 7; Cohn 1997). The posterioir
pdf p( | 5 ) is Gaussian since the pdf’s (A.3),t o om M mk k k

(A.7), and (A.10) are Gaussian. The analysis, or con-
ditional mean [ ^ | 5 &, is given bya t o om m M mk k k k

5a f o fm m 1 K (m 2 H m ),k k k k k k (A.11)

where

Kk 5 .f T f T o 21(H P ) [H (H P ) 1 R ]k k k k k k (A.12)

The analysis error covariance [ ^( 2 )( 2a t a tP m m mk k k k

)T | 5 & is given bya o om M mk k k

5 (I 2 KkHk)[(I 2 KkHk) ]T 1 Kk .a f o TP P R Kk k k k (A.13)

b. Forecast step

Let us consider a stochastic-dynamic equation of the
form

5 Mk 1 fk( ) + ,qt t am m m ek11 k k k (A.14)

where ^ ( )T& 5 . Here again we note that, by def-q q qe e Ck k k

inition, [ ^ | 5 & is not a random vector.a t o om m M mk k k k

Taking the conditional expectation of (A.14) thus gives

f t o om [ ^m | M 5 m &k11 k11 k k

t o o5 M ^m | M 5 m &k k k k

qt o o o o1 ^f (^m | M 5 m &) +e | M 5 m &k k k k k k k

t o o5 M ^m | M 5 m &k k k k

qt o o o o1 f (^m | M 5 m &) + ^e | M 5 m &k k k k k k k

qt o o t o o5 M ^m | M 5 m & 1 f (^m | M 5 m &) + ^e &,k k k k k k k k k

(A.15)

where we have used the fact that is independent ofqek

the observations. Assuming an unbiased dynamical
model, that is, ^ & 5 0, yieldsqek

5 Mk .f am mk11 k (A.16)

To obtain the forecast error covariance [ ^(f tP mk11 k11

2 )( 2 )T | 5 &, we need to considerf t f o om m m M mk11 k11 k11 k k

the conditional expectation of the following four terms
of the outer product:

t f t f T(m 2 m )(m 2 m )k11 k11 k11 k11

Tt a t a T5 M (m 2 m )(m 2 m ) Mk k k k k k

qt a a T1 M (m 2 m )[f (m ) +e ]k k k k k k

q Ta t a T1 [f (m ) +e ](m 2 m ) Mk k k k k k

q qa a T1 [f (m ) +e ][f (m ) +e ] . (A.17)k k k k k k

Taking the conditional expectation ^ | 5 &, weo oM mk k

get Mk 5 Mk(Mk )T for the first term on the rhsa T aP M Pk k k

of (A.17). Similarly, the evaluation of the last term on
the rhs of (A.17) is obtained as follows:

q qa a T o o^(f (m ) +e )(f (m ) +e ) | M 5 m &k k k k k k k k

q qa T a T o o5 f (m )f (m ) + ^e (e ) | M 5 m &k k k k k k k k

qa T a5 f (m )f (m ) +C , (A.18)k k k k k

where we used the fact that [ ^ | 5 & anda t o om m M mk k k k

that is independent of the observations. Finally, theqek

conditional expectation of the two cross terms in (A.17)
vanishes as in the standard Kalman filter derivation (Ja-
zwinski 1970, section 3.9), as a result of assuming that

is white with zero mean, independent of the obser-qek

vations, and independent of the initial error. Thus
f a TP 5 M (M P ) 1 Q ,k11 k k k k (A.19)

where
qa T aQ [ f (m )f (m ) +C .k k k k k k

The density p( | 5 ) is Gaussian sincet o o tm M m mk11 k k k11

is the sum of two Gaussian densities, Mk andtmk

fk( ) + .qam ek k
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