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ABSTRACT

The mathematical equivalence of the linearized two-dimensional (2D) shallow-water system and the 2D
acoustic-advection system strongly suggests that time-split schemes designed for the hydrostatic equations can
be employed in nonhydrostatic models and vice versa. Stability analyses are presented for several time-split
numerical methods for integrating the two systems. The primary interest is in the nonhydrostatic system and
in explicit numerical schemes where no multidimensional elliptic equations arise; thus, a detailed analysis of
the Klemp and Wilhelmson (KW) explicit technique for integrating the time-split nonhydrostatic system is
undertaken. It is found that the interaction between propagating and advecting acoustic modes can introduce
severe constraints on the maximum allowable time steps. Proper filtering can remove these constraints. Other
explicit time-split schemes are analyzed, and, of all the explicit schemes considered, it is believed that the KW
time-split method offers the best combination of stability, minimal filtering, simplicity, and freedom from
spurious noise for integrating the nonhydrostatic or hydrostatic equations.

Schemes wherein the fast modes are integrated implicitly and the slow modes explicitly are also analyzed.
These semi-implicit schemes can be used with a greater variety of advection schemes than the explicit time-
split approaches and generally require less filtering than the split-explicit schemes for stability. However, a
multidimensional elliptic equation must be solved with each time step.

For nonhydrostatic elastic models using the KW time-split method, an acoustic filter is presented that allows
a reduction of previously necessary filtering in the KW scheme, and a method for integrating the buoyancy
equation is discussed that results in the large time step being limited by a Courant condition based on the
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advection velocity and not on the fastest gravity-wave speed.

1. Introduction

Atmospheric motions occur on many time scales,
from the rapid propagation of acoustic and gravity
waves to the slower-moving Rossby waves and advec-
tion. Marchuk (1974) was the first to suggest that time-
split methods be used to integrate numerical models
of the atmosphere. In his splitting-up approach, he
proposed integrating the advection, adjustment, and
dissipation terms separately using techniques appro-
priate for the different time scales of these processes.
While Marchuk was concerned with solving a hydro-
static system of equations, the use of time-split tech-
niques is similarly attractive for nonhydrostatic mod-
eling.

While time-split techniques are widely used in hy-
drostatic and nonhydrostatic models, the close con-
ceptual relationship between the hydrostatic models,
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where the fast signals are gravity waves and the slow
signals are the advected modes, and the fully com-
pressible nonhydrostatic models, where the fast signals
are sound waves, has not been discussed in presenta-
tions of time-split schemes. As a result, schemes have
been developed independently for hydrostatic and
nonhydrostatic models with little intercomparison of
methods. Our primary interest is in further under-
standing and improving the explicit splitting techniques
used in nonhydrostatic models; thus, we are led to con-
sider splitting techniques used in both hydrostatic and
nonhydrostatic models.

In the development of new splitting techniques, it is
often difficult to assess their stability across the wide
range of possible model parameters. In this paper, we
present the results of stability analyses for several time-
split schemes used in hydrostatic and nonhydrostatic
models and also analyze possible extensions to some
existing schemes. Traditionally, time-split numerical
methods are those wherein different modes in the sys-
tem are integrated separately, without regard for the
other modes (see Marchuk 1974). We examine the
more general class of schemes wherein terms respon-
sible for fast modes are integrated in a different manner
than the terms responsible for slow modes, but often



2110

in a more tightly coupled manner than in the traditional
time-split schemes. Also, while we are most concerned
with the computationally more straightforward explicit
time-split schemes, we also discuss the single-time-step
implicit and semi-implicit schemes.

Our particular interest in nonhydrostatic models ex-

tends not only from their past and future use in cloud-
scale simulations but in their growing role in the sim-
ulation of larger-scale atmospheric motions. While
earlier models were used to study convective storms
(e.g., Klemp and Wilhelmson 1978; Schlesinger 1978;
Clark 1979) and other small-scale phenomena, non-
hydrostatic models are now being used to examine
large-scale motions, such as baroclinic waves (Pola-
varapu and Peltier 1990; Snyder et al. 1991), as well
as mesoscale weather prediction (Golding 1987). It is
also becoming apparent that nonhydrostatic models
can be integrated as economically as hydrostatic models
at the same resolution, as is demonstrated in Snyder
et al. using the split-explicit technique we describe in
section 4 of this paper and in Cullen (1990) and Tan-
guay et al. (1990). The continued development of more
sophisticated nested and adaptive models will promote
a broader use of the nonhydrostatic equations with an
even wider range of motion scales contained in single
simulations.

Two equation sets are widely used in nonhydrostatic
models: anelastic equations, from which the sound
waves have been filtered, and elastic equations, which
retain the sound waves. The principal advantage of the
anelastic equations is that a reasonably large time step
is allowed, the time step being limited by the fastest-
propagating gravity wave. However, use of the system
requires the solution of a multidimensional elliptic
pressure equation with every time step. While fast el-
liptic solvers exist for simple, uniform grids, the intro-
duction of orography or variable-resolution grids re-
quires the use of iterative solvers or the iterative use of
direct solvers (Clark 1977).

Sound waves are not important in atmospheric mo-
tions of meteorological interest and their high propa-
gation speed severely restricts the maximum allowable
time step in a numerical integration. In cloud modeling,
Hill (1974) was the first to use the fully compressible
elastic equations where the time step is limited by the
sound waves. These integrations are much more costly
than integrations of the anelastic equations, and several
methods have since been developed to speed the in-
tegration of the full-elastic set. Tapp and White (1976)
employ an elastic model wherein the terms responsible
for the acoustic modes are handled implicitly. A
Helmholtz equation for the second time derivative of
the pressure is solved using the alternating direction
implicit method (ADI; Peaceman and Rachford 1955).
Carpenter (1979) introduced terrain into the Tapp and
White model in a manner such that the form of the
Helmbholtz equation does not change; thus, this elliptic
equation is easier to solve than the corresponding
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equation in the anelastic model. Carpenter notes that
the Helmbholtz equation becomes nonregular with any
vertical coordinate system other than the one he em-
ploys.

Another approach to integrating the elastic equations
involves isolating the terms responsible for the acoustic
modes and integrating them with a smaller explicit time
step. This time-split approach, first proposed by Klemp
and Wilhelmson (1978; hereafter referred to as KW),
is appealing because it is computationally much simpler
than handling the acoustic modes implicitly or using
the anelastic system. The finite-difference equations
maintain their simple explicit form and no multidi-
mensional elliptic equations need to be solved, al-
though KW do solve a one-dimensional (1D) Helm-
holtz equation that arises with the implicit treatment
of vertically propagating sound waves. Orography is
easily handled in the time-split system, and the choice
of variables and coordinate systems is not tied to the
time-split method. The computational effort required
for integrating the anelastic and elastic systems is
roughly equivalent.

The relative simplicity, computational economy,
and freedom in the choice of variables and coordinate
systems has led many groups to develop nonhydrostatic
models based on the KW time-split technique. How-
ever, a complete analysis of this time-split system has
not been presented, though the general stability of the
scheme can be inferred from the analysis of Tatsumi
(1983), who examines the scheme in the context of a
hydrostatic model, and in the analysis of Ikawa (1988),
who is concerned with the effect of orography on
scheme stability. The anelastic models, and the elastic
models where an explicit time-split technique is not
used, lend themselves to relatively straightforward
analyses because of their single-time-step approach.
For example, Tapp and White (1976 ) present a stability
analysis based on the dispersion relation for the discrete
system where sound waves are handled implicitly. For
the KW time-split approach, separate analysis of a sin-
gle small or large time step (acoustic and nonacoustic
terms, respectively) are similarly straightforward, and
these results are presented in KW, Durran and Klemp
(1983; hereafter DK ), and others. However, the overall
stability of the time-split scheme cannot be extracted
by considering the small and large time steps separately;
rather, they must be analyzed as a coupled system.

A wider range of time-split schemes has been de-
veloped for hydrostatic models than for their nonhy-
drostatic counterparts. The approach of Marchuk can
be more generally termed an additive-splitiing scheme,
and more concrete examples are given by Burridge
(1975) and Gadd (1978). The additive-splitting
schemes can engender numerical noise in nonlinear
and even linear calculations (McGregor 1987; Purser
and Leslie 1991), and more sophisticated schemes have
been developed to circumvent this problem. We ex-
amine the additive-splitting schemes because they have
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proven to be very stable (Leveque and Oliger 1983)
and can form the basis for new schemes.

More sophisticated splitting approaches are also
used in hydrostatic models. Madala (1981) describes
a scheme that can be considered an extension of the
KW scheme though used in a hydrostatic model. Tat-
sumi (1983) presents a scheme that is identical to the
explicit KW scheme, again for use in a hydrostatic
model. Purser and Leslie (1991) present an extension
to an additive-splitting scheme that greatly reduces the
noise in their computations. Several semi-implicit
schemes are also used that possess interesting stability
properties.

As noted, the hydrostatic and nonhydrostatic elastic
systems can be integrated using the same general split-
ting techniques. In section 2, we outline a common
basis for their analysis. A more complete linearized
equation set for nonhydrostatic models will also be
presented because of our interest in analyzing the non-
hydrostatic systems in more detail. A brief discussion
of additive-splitting schemes is given in section 3. In
section 4, we present a detailed analysis of the KW
time-split approach. Some existing time-split schemes
are considered in section 5, along with analyses of sev-
eral possible new schemes. Conclusions and a brief dis-
cussion appear in section 6.

In section 4, we also introduce two new variants to
the KW scheme for use in nonhydrostatic elastic mod-
els. In particular, we present an acoustic filter based
on the concept of divergence damping, and a method
for handling the buoyancy term that results in a time
step no longer restricted by the buoyancy, an important
consideration when using the nonhydrostatic equations
for synoptic-scale simulations.

2. Equations

Our stability analyses, like most, focus on a linearized
version of the full nonlinear equations. First, consider
the linearized equations for the nonhydrostatic elastic
system. For a stability analysis of numerical methods
for solving the nonhydrostatic elastic system, it is gen-
erally sufficient to consider a 2D nonhydrostatic, elastic
equation set where a perturbation Exner function takes
the place of pressure. The approximate, quasi-Bous-
sinesq, linearized equations are

U+ cpx + Uu, =0, (1)

w, + ¢p, + Uw, — NO = 0, (2)
6, + Nw+ Ub, =0, (3)

Do+ cs(ux + w,) + Up, = 0. 4)

In these equations, u# and w are the horizontal and ver-
tical perturbation velocities, 8 is the potential temper-
ature divided by the Brunt-Viisild frequency N, p is
the perturbation Exner function divided by cs/(c,60),
¢, is the constant speed of sound, and U is a mean
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advection velocity. To further simplify the analysis,
vertical gradients of mean density are ignored. The ad-
vection term Up, is included in (4). Klemp and Wil-
helmson (1978) have alternately retained and discarded
this term and find little difference in their simulations.
Here the advection of p is kept because it results in a
symmetric set of equations that aids the analysis. Re-
sults from stability analyses where this term is dropped
differ only slightly from those presented here. This lin-
earized set is appropriate for shallow convection and
is essentially that derived by Phillips and Ogura (1962),
except that compressibility has been retained for com-
putation convenience.

To focus on time-integration methods, the spatial
discretizations are ignored at present and the spatial
structure of the variables is represented as a sum of
continuous Fourier modes,

¢ = ¢(2) explilkx + I2)],

where k and / are wavenumbers in x and z, respectively.
With this representation, (1)-(4) become

i, + ickp + ikUii = 0, (5)

W, + icdp + ikUw — N8 = 0, (6)
6, + Nw + ikUb = 0, (7)

Bu + icy(kid + W) + ikUp = 0. (8)

This is the linearized set we consider when analyzing
the stability of time-split numerical methods used in
nonhydrostatic elastic models.

In the development of time-split numerical methods
for hydrostatic models, the shallow-water system is of-
ten used to test the schemes. The extension of a time-
split scheme from the shallow-water system to the full
baroclinic primitive equations can be performed in
several ways, and examples of this extension can be
found in Gadd (1978), Madala (1981), Chao (1982),
Tatsumi (1983), and several other works. The 2D lin-
earized shallow-water equations used in these analyses
can be expressed as

u, + Uu, + Vu, + ¢.h + fo =0, 9)
v+ Uv,e + Vo, + chy, — fu=0, (10)
hy + cg(uy + vy) + Uh + Vh, = 0, (11)

where the horizontal velocities are « and v, ¢, is the
gravity-wave speed Vg_H, and £ is the height of the free
surface divided by c,/g.

Equations (9)—(11) are similar to a 2D acoustic-
advection system; the transformation requires replacing
¢, with ¢; and & with p, and the fast modes are the
sound waves in one and gravity waves in another. If
we drop the Coriolis terms in (9) and (10), remove
the mean velocity ¥V'in (9)-(11), and drop the poten-
tial temperature ¢ in (1)-(4), then the nonhydrostatic
system in x, z coordinates is identical to the shallow-
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water system in x, y coordinates. The Coriolis terms
in (9) and (10) do not significantly affect the stability
of schemes in most hydrostatic calculations, and the
buoyancy terms in (1)-(4) are easily incorporated into
time-split schemes in such a way as they do not ad-
versely affect scheme stability [see section 4d; Cullen
(1990); or Tanguay et al. (1990)].

The major stability constraints in both systems arise
from the sound in the nonhydrostatic system and grav-
ity waves in the hydrostatic system. Thus, the general
equivalence of the two systems implies that splitting
schemes applied to one system could be directly ap-
plicable to the other. Given this relationship, we analyze
the stability of time-split schemes in the context of the
nonhydrostatic system (1)-(4) in this paper, with the
understanding that the analyses also apply to the
schemes used for solving the hydrostatic system.

In the next four sections we examine the stability of
various time-split schemes for integrating (1)-(4), or
numerical schemes for integrating (9)-(11) applied to
(1)-(4). For N = 0, the continuous equations (1)-
(4) admit wave-type solutions that do not exhibit ex-
ponential growth; hence, numerical schemes for solving
(1)-(4) are deemed stable when solutions to the dis-
cretized equations do not grow. Two general stability
analyses will be used. In the von Neumann stability
analysis, the discretized system is written as ¢,
= A¢, and the numerical scheme is stable when the
amplification factor A4, or the eigenvalues of the am-
plification matrix A (for systems with more than one
dependent variable), have an absolute value less than
or equal to one. Further details concerning von Neu-
mann stability analysis can be found in the Appendix
and in Roache (1972). The second stability analysis,
in the spirit of traditional ordinary differential equation
(ODE) analyses, requires determining the dispersion
relation for the discrete system by assuming solutions
of the form ¢ = exp(—iwt), where the frequency w is
always real for solutions to the continuous set. The
discretized equations are stable when Im(w) < 0; Im(w)
> 0 results in exponential growth.

3. Methods based on additive splittings

The most straightforward time-split approach is that
based on additive splittings. Marchuk (1974 ) was the
first to suggest that additive-splitting methods be used
for atmospheric computations, and called it the split-
ting-up method. In this approach, analyzed in detail
by Leveque and Oliger (1983), the 1D advection-
acoustic-mode system (1) and (4) is written as

U 0 0 ¢
== ux_ X
"’ 0 U e 0"
——’

———
A, Ay

(12)

where the slow modes are contained in A, the fast
modes are contained in Ay, and u is the solution vector
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(u, p). The original system is recovered by adding the
matrices multiplying u,, hence Leveque and Oligers’
and our use of the descriptive term additive splittings.

The additive-splitting method seeks the solution to
the system (12) by alternating between the solution of
two simpler systems:

(13a)
(13b)

u = _Asuxa
u, = —Asu,.

By defining a discrete solution vector uj, at the discrete
time »n and spatial point m and defining two discrete
operators Qr and Q; that advance the solution vector
one time interval for the fast and slow modes, that is,
for the fast modes [(13a)]

uyt = Q[At)ur,
and for the slow modes [(13b)]

up = Oy(Anuy,

the solution to the system containing both the fast and
slow modes [(12)] can be obtained by applying these
operators in sequence to the solution vector u:

untt = QA1) Q[ At)uj,.

Two approaches have been used in applying the
splitting (14) to the shallow-water or primitive equa-
tions. Gadd (1978) and others have defined the op-
erator advancing the fast modes to be

(14)

oan = 0%(3).

where the operator Q. denotes an explicit integration
of the fast modes, and M time steps of A¢/M are used
to advance the solution vector. In the other approach,
the operator advancing the fast modes denotes an im-
plicit integration or possibly an ADI scheme (e.g., Bates
1984).

Leveque and Oliger show that the stability of the
individual operators Qrand Q; does not always ensure
overall stability for the time-split method because
scheme stability is intimately tied to the coupling be-
tween the slow and fast modes in the system. However,
the system ( 12) is symmetric, and Leveque and Oliger
have shown that for symmetric systems the solution
procedure is stable when the fast- and slow-mode op-
erators are stable (a more general result is given in
Leveque and Oliger). The stability analysis assumes
the use of single-time-level schemes (for example, Lax—
Wendroff) as opposed to multiple-time-level schemes
(for example, leapfrog). The stability analysis by Gadd,
and the experiences of Bates and McDonald (1982)
and others, lend practical evidence for Leveque and
Oliger’s result. Also of interest is that both analysis and
experience suggest that the use of multiple-time-level
schemes is problematic in this splitting approach.
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McGregor (1987), Purser and Leslie (1991), and
others note that the additive splitting (14) can con-
tribute significantly to the problems of spurious noise
in linear and, more importantly, in nonlinear calcu-
lations. The splitting (14) is only first-order accurate
in time. Strang (1968) gives a second-order-accurate
counterpart to (14):

A A
uyt = Qf({)QAAt)Qf(;’)u:;.

This splitting significantly reduces the noise in Mc-
Gregor’s calculations. Unfortunately, the splitting er-
rors can still be large (see Purser and Leslie’s examples).
No models based on additive-splitting methods are used
for nonhydrostatic calculations, and very few are still
used for hydrostatic computations.

In the additive-splitting approach the slow and fast
modes are integrated separately. In the next three sec-
tions, we will consider methods whereby, while the slow
and fast modes are still split in the sense that they are
integrated with different methods, the modes are in-
tegrated simultaneously in a more tightly coupled
manner. These methods have been developed as a
means of reducing the splitting error and the attendant
noise in additive time-split models.

4. Stability of the KW time-split method

The KW time-split scheme is similar to the explicit
additive-splitting methods in that terms responsible for
the acoustic modes are integrated with an explicit time
step that is smaller than the time step used for the ad-
vection and gravity-wave terms. However, KW inte-
grates the slow and fast modes simultaneously, as op-
posed to separately as in the additive-splitting methods.

The KW method uses a leapfrog time-integration
scheme for the slow modes, and in previous presen-
tations of the time-split scheme the buoyancy equation
(7) is integrated with the leapfrog time step At using
the discretization

81+A£ = 0!—At — )\NWI — i)\uet’ (15)
where N, = 2AtkU and Ay = 2AtN. The carat (') is
dropped over the Fourier variables for the remainder
of the paper, and all variables with the time superscripts
refer to transformed variables except where noted.

The remaining equations, (5), (6), and (8), are ad-
vanced with #, small time steps A7 from ¢ — Afto ¢
+ At, where n; = 2At/ Ar. Acoustically inactive terms
in the equations are evaluated using values at time ¢
and held fixed over the n; small time steps. The dis-
cretizations for the small time step equations as given
in KW are

U =y — T — ni A, (16)

c)
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T+AT _ T iACZ +A7 T l t t
w =w ——(p +p7) — — A+ MY,
2 n;
(17)
s
p‘r+A7 = p'r — lzc (WT+A7 + w-r)

—_ ikcxu‘r+A1 — ni }\upt, (18)

5

where ., = Arck and A, = Arcgl. Finally, a time filter
is applied to variables at the large-time-step intervals
to keep the time levels coupled (Robert 1966):

¢' = ¢k + a(d'™' — 2¢% + o),

where the asterisk (*) designates variables that have
not yet been smoothed. Next the stability of this
method is considered.

a. Stability analysis for explicit differencing

The interaction between horizontally propagating
acoustic modes and advection is responsible for the
most severe stability constraints in the KW time-split
method. These constraints can be examined in one
spatial dimension by an analysis of the discretized
equations (16) and (18). In one dimension, the rele-
vant untransformed continuous equations (1) and (4)
become

u + ¢csp + Uuy = 0, (19)
P+ cue+ Upx = 0, (20)
and the transformed discretized equations are
i
U =yt — Ap P Al (21)
pr+A7 . pr —_ i)\cxu—r+Ar —_ ni Aupt- (22)

§

First, consider the non-time-split system, that is, 7,
= 1. The discrete system is pure leapfrog for advection,
and forward-backward time differencing is used for
the terms multiplied by ¢; (Mesinger 1977). This
method is stable for |\, £ A,| < 2. In contrast, for
acoustic modes alone, stability of the scheme requires
|Aex| < 2, and for advection alone, |M,| < 2. Thus,
for acoustic modes coupled with advection, it is the
sum of the parameters that determines the stability
limit.

The dispersion relations for the continuous equa-
tions (19) and (20) and for the discrete system (21)
and (22) with n; = 1 are

WAL = %(xu +\,) = k(U % ¢)At






