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ABSTRACT

The GFDL general circulation/tracer model has been used to generate the transport coefficients required in
two-dimensional (zonally averaged) transport formulations. This was done by assuming a flux-gradient relationship
and then, given gradient and flux statistics from two independent (and contrived) model tracer experiments, to
derive the coefficients by inversion of this relation. Given the mean meridional circulation from the GCM, the
antisymmetric and symmetric parts of the coefficients tensor determine the advective and diffusive contributions
to the net meridional transport in the model. The effective transport circulation thus defined differs substantially
from the Lagrangian mean and residual circulations and is in fact a simpler representation of the model circulation
than either of these. The diffusive component is coherently structured, comprising the following components:

(i) Strong quasi-horizontal mixing (D,, ~ 1 X 10° m? s™") in the midlatitude lower troposphere, apparently
associated with fronts and the occlusion of synoptic systems.

(i) A band of strong quasi-horizontal mixing (D,, ~ 2 X 10° m? s™') stretching across the tropical upper
troposphere and the subtropical winter stratosphere. This band follows the band of weak zonal mean winds
and is a manifestation in the model of the “surf zone™ recently identified by Mclntyre and Palmer as a region
of breaking planetary waves. Outside the “surf zone,” D,, € 5 X 10° m? s~ in the stratosphere, consistent with
other recent estimates. o

(iii) Intense vertical mixing (D,, = 10 m?s™") in the troposphere at and near the latitudes of the intertropical
convergence zone.

(iv) Vertical mixing (D,, ~ 5-10 m?s™!) through much of the troposphere, a substantial component of which
is associated with subgrid-scale mixing (model convective processes).

/

The validity of the flux-gradient relation as a parameterization of eddy transport processes was tested by
implementing the parameterization in a two-dimensional model, using these derived coefficients. In comparison
experiments it was found that the two-dimensional model could reproduce well the zonally-averaged evolution
of tracers in the GCM; the quantitative errors that were found may in part result from the finite model resolution,
rather than from errors in formulation. Therefore, although the flux-gradient relation is formally justified only
in the small-amplitude limit, it appears to be a useful practical description of large-scale transport by finite-
amplitude eddies. ’
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1. Introduction

Chemical/dynamical models of global constituent
budgets range in complexity from three-dimensional
general circulation models through reducing dimen-
sions to two, one and even zero dimensional models.
While the three-dimensional transport model un-
doubtedly provides the most sophisticated and most
precise approach it is still relatively expensive—espe-
cially if the chemistry is complex—and demanding in
terms of computer facilities and modeling expertise.
Therefore many workers continue to focus their mod-
eling efforts on reduced-dimension models in which
some aspects of atmospheric transport are parameter-
ized rather than explicitly represented. Of these models,
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the two-dimensional, zonally-averaged, model has be-
come widespread.

There are several reasons for the popularity of the
zonally-averaged approach. The first of these is, of
course, the greatly reduced size and complexity of such
models (as compared with a three dimensional model).
Second, for many purposes, the modeling of the zonal
structure of atmospheric constituents is of secondary
importance. Since, in most of the atmosphere, winds
are predominantly zonal, transport in the zonal direc-
tion (albeit along wavy trajectories) is relatively rapid
so that most structure is in the meridional plane. A
third reason is increasing confidence in the parame-
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terization of eddy transport processes. This has tradi-
tionally been effected via a flux-gradient relation. While
earlier formulation and application of this relation is
now recognized as being invalid, more recent devel-
opments have formally justified a flux-gradient rela-
tionship for small-amplitude eddies. Nevertheless, the
transport coefficients which appear in this relation are
functions of Lagrangian eddy statistics which are not
easy to determine from atmospheric circulation data.
Some attempts to construct zonally-averaged models
have therefore relied on simplifying assumptions which
circumvent this requirement or which permit the es-
timation of the coefficients from Eulerian data. How-
ever it will be argued in this paper (section 3) that some
of these assumptions are theoretically ill-founded and
that there is, a priori, little reduction that can be effected
in the complexity of the problem.

The approach adopted here, and described in sec-
tions 4 and 5, is to assume the validity of the flux-
gradient relation and thence to deduce the transport
coeflicients by inversion of that relation, thus circum-
venting the need to obtain Lagrangian statistics. Even
50, the data requirements cannot be met by available
atmospheric data. However, it is straightforward to ob-
tain data in the required form from general circulation
models; the GFDL general circulation/tracer model
was used for this purpose. Of course, this model like
any other has its limitations as a surrogate atmosphere;
however, it should be emphasized that the major ob-
jectives of this study are not seriously undermined by
errors in the model transport. Basically, this study es-
tablishes a two-dimensional description of the three-
dimensional model in order to:

() provide insight into the dynamical processes
which determine zonally-averaged transport in the
model,

(ii) Allow—to the authors’ knowledge for the first
time—an objective basis for assessing the practical va-
lidity of the flux-gradient parameterization, and

(iii) generate a set of transport coefficients which
may be useful as input to two-dimensional transport
models.

Of these objectives, the first two are largely independent
of inadequacies in the GCM transport (provided the
GCM representation of the atmosphere is at all rea-
sonable). The relevance of these results to atmospheric
transport calculations is of course limited by the defi-
ciences of the GCM; the advantage of a GCM approach
is the objectivity it permits which, at the present state
of the art, may make the approach at least competitive
with less objective procedures to estimate transport
coefficients from real data.

Finally, the derived coefficients were tested by using
them in a two-dimensional model and comparing the
predictions of this model with the zonally-averaged
fields produced in parallel experiments with the parent
general circulation model. As discussed in section 6,
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agreement is generally good. This result serves to val-
idate not only these calculations but also the relevance
of the flux-gradient relation; despite the fact that the
assumptions on which the flux-gradient parameteriza-
tion is based (i.e. that the eddies are of small amplitude)
are far from satisfied.

2. The flux-gradient relation and definition of the
transport coefficients

Consider a quasi-conserved constituent whose mix-
ing ratio ¢ satisfies the equation

dq_
dt

where s represents sources and/or sinks. These may be
chemical or photochemical creation or destruction
processes, or molecular diffusion. Indeed, if the former
processes are weak, then diffusion must become a sub-
stantial term in (2.1) since distortion and stretching of
material lines by the motion must then inevitably cause
a cascade of g variance down to small scales, just as
for a dynamical quantity like potential vorticity (e.g.,
see Danielsen, 1981; Holloway and Kristmannsson,
1984; McIntyre and Palmer, 1984; Mahlman, 1985).
The zonally-averaged budget equation may be writ-

ten, in sine-latitude coordinates,

g, _ g _8q _ 1

at+vcos¢ay+waz s pV F
where p is pressure, ¢ is latitude, y = a sin¢ (where a
is the Earth’s radius), z is the log-pressure coordinate
H In[(1000 mb)/p] where H is a constant scale-height
and

s 2.0

(2.2)

F=(F,,F)=(pVq,pw'q) (2.3)

is the eddy flux (where the prime denotes the departure
from a zonal average). In these coordinates the flux
divergence is V- F = 4(F, cos¢)/dy + dF,/dz and the
zonal mean circulation may, by virtue of the continuity

‘equation 4(p?v cos®)/dy + d(pw)/dz = O be written in

terms of a streamfunction x, viz:

Arx). - _dx
oz ’ ay’
In order to obtain a zonally-averaged closure of (2.2),
the eddy flux must be parameterized in terms of zon-
ally-averaged quantities. This usually proceeds by

means of a flux-gradient relation which we write her
in the form ‘

PV cosgp=— w= 2.4)

(Fycosg, F;)=—pK-Vgq (2.5)
where
—_ Kyy K.VZ
K= [ K, Kzz] (2.6)

This type of relation has long been in use (e.g., Lettau,
1951) but it is only relatively recently that it has been
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justified for small-amplitude, but otherwise general,
~eddy motions on a zonal flow (Plumb, 1979, Matsuno,
1980) Thus it has been shown that the transport tensor
K may conveniently be regarded as comprised of two

parts
K=L+D .7

where L and D are respectively antisymmetric and
symmetric tensors whose components may be ex-
pressed in terms of the parcel displacement (£, 3, ¢)

defined in the generalized Lagrangian-mean theory of -

Andrews and Mclntyre (1978). Specifically

0 Y(WT—wh)
= __ 2.
$7n~7D) of @Y
and, for a conserved tracer (s = 0),
0 — 0, —
é—t(%nz) &(%nﬁ’)
D= 2.9)

d ,— 90 =
5;(%11?) a—t(%fz)

If ¢ is not exactly conserved, (and it was noted above
that it never will be) then other terms must be added
to (2.9); for example if s is a weak relaxation such that
s’ = —\q' and if the parcel displacement statistics are
steady, then (2 9) contains an additional term

_| M g

VTRV
(Plumb, 1979; Matsuno, 1980; Pyle and Rogers, 1980a;
Danielsen, 1981). Because of its symmetry, D can be
made purely diagonal via a local coordinate rotation

to its principal axes. If we rotate coordinates through
an angle o where

(2.10)

2D,
tan2a = —D;—_%z—z (2.11)
“then, in the new coordinates,
D, 0
| D’=[ 0 w D;z] (2.12)
where '
D', = cos’aD,,+sin’aD,, + 2 sina COSaDyz} e
D, =sin’aD,,+ cos’aD,,— 2 sina cosaDy,

Provided D, >0,D,>0and D,,, < D,,D,,, then

w = 0 and D’; > 0 and the component of the eddy
flux associated with D is purely diffusive (Matsuno,
1980).

The purely kinematic terms in (2.9) reflect the dif-
fusive transport via simple dispersion of air parcels.
While these dispersion terms are time-derivatives of
parcel displacement statistics they do not (contrary to
- assumptions underlying some approaches to strato-
spheric transport modeling) necessarily vanish when
the Eulerian flow statistics are steady. This fact had

JOURNAL OF THE ATMOSPHERIC SCIENCES

VoL. 44, No. 2

long been recognised in classical turbulence theory (e.g.,
in parameterizations of the atmospheric boundary
layer) and, indeed, the sustained dispersion of air par-
cels in statistically steady flow is the very essence of
turbulent transport.

The structure of the nonconservative contribution
(2.10), is similar to that of (2.9), but with the relaxation
rate replacing the dispersion rate. Since the former dif-
fers for different constituents, so in principle do the
diffusion coefficients. This apparently undermines any
attempt to derive a universal parameterization of eddy
transport although some progress can be made for sim-
ple motions (e.g., Hartmann and Garcia, 1979; Tung,
1984). In fact, the situation becomes even more com-
plex if two or more constituents interact, although this
can to some extent be circumvented by restricting at-
tention to families of constituents (Pyle and Rogers,
1980a). Any hope of recovering a universal transport
parameterization hinges on the diffusion being domi-
nated by kinematic dispersion.

The contribution to the eddy flux associated with
the antisymmetric tensor L is quite different in char-
acter; this flux is directed normal to the g gradient
(Clark and Rogers, 1978) and is advective, rather than
diffusive (Plumb, 1979; Matsuno, 1980; Danielsen,
1981). Using (2.7) in (2.5), (2.2) may be written

%?+ Vrcos q) + WT%—s-FlV-(pD-VJ) (2.14)
where Ur = (VT, W) is an effective transport velocity
which is defined by

Ixr

14 '
| VTCOS¢=—;£ (px7); I’VT=_‘§ .15y
where the streamfunction is
Xr= x——(vi’ wn) (2.16)

Note that this circulation is not in general the same as
the Lagrangian-mean velocity i of Andrews and
Mclntyre (1978). The physical significance of Uy and
the reasons for the difference between Urand ii” when
D is spatially inhomogeneous may be understood from
Fig. 1. Consider at some initial instant a localized dis-
tribution of 7 at point A. Some short time é¢ later the
distribution of ¢ occupies the stippled region; in the
context of (2.14) we may define ‘a reference point B,
which moves with the velocity Uy and about which g
diffuses. Thus the location of B relative to A is Uzdt.
However if the diffusion about B is nonuniform, the
distribution of ¢ becomes skewed. In Fig. 1 it has been
assumed for simplicity that the diffusion is independent
of z but that D,, increases locally with y and hence the
center of mass of the tracer distribution is located at
C, to the right of B. Since ui” is the velocity of the center
of mass of the distribution (Andrews and Mclntyre
1978) the location of C relative to A is a’6t, and there-
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FIG. 1. Nltustrating the difference between the transport circulation
Ur and Lagrangian mean circulation @’ in the presence of inho-
mogeneous diffusion. The reference point B moves with the transport
circulation; the center of mass C moves with the Lagrangian mean
velocity. If the diffusion about B is inhomogeneous, C moves relative
to B and therefore the two velocities differ under such circumstances.
See text for discussion.

fore u* # Ur. The two are equal only when the diffusion
is spatially homogeneous. In fact, u” is otherwise not
a nondivergent velocity [see (5.3) and discussion thereof
below], whereas Uy always satisfies the continuity
equation V- (pU7) = 0, by the definition (2.15). The
transport circulation defined by Uy appears to be the
same as the “advective mass flux” identified by Kida
(1983a) as the time-reversible component of the trans-
port.

In general, xr differs also from the stream function
X Of the residual circulation, defined by (Andrews and
Mclntyre, 1976) _

v
Xx X+a(7/az’ (2.17)
where 8 is potential temperature. Since 8 is a quasi-
conserved quantity, we may use (2.5), with (2.3), (2.7)
and (2.8) to deduce that

gg—[uyﬁ%@"s‘-ﬁ)]gg
and then, using (2.16) and (2.17), that
oy _
80/9z
The conditions under which xr =~ x, and an inter-

pretation of the difference between the two circulations
in general will be discussed below.

v@=-D,,

Xx=X1— D)y D,, (2.18)

3. Determination of the transport coefficients

While the transport coefficients may thus be defined
in terms of Lagrangian parcel statistics, their deter-
mination on this basis is a difficult problem. Such sta-

R.A.PLUMB AND J. D. MAHLMAN

301

tistics are not, of course, available directly from the
routine observational network, nor is it likely to be a
profitable approach to try to infer them from Eulerian
statistics of, for example, velocity variances. (Some
further difficulties associated with the practical appli-
cation of generalized Lagrangian-mean theory are dis-
cussed by Mclntyre, 1980, and Dunkerton, 1980). This
direct approach becomes possible, though still difficult,
in numerical models where one can generate the re-
quired statistics; some gross estimates of D,, for the
stratosphere of a hemispheric model have thus been
made by Kida (1983a). ’

Most previous attempts to éstimate the coefficients
have relied on some simplifying assumptions to reduce
the complexity of the problem. Thus Reed and German
(1965), in their pioneering study, assumed the parcel
orbits to be linearly polarized; this implies a purely
diffusive transport tensor with the diffusion being lo-
cally along the direction of the parcel displacements.
However, it is now recognized that such orbits are
atypical of large-scale atmospheric eddies (Wallace,
1978; Matsuno, 1980) and the “diffusion only” pa-
rameterization is now little used.

More recently, some approaches (e.g., Holton, 1981;
Garcia and Solomon, 1983; Guthrie et al., 1984; Sol-
omon and Garcia, 1984; Tung, 1984; Ko et al., 1985)
have tended toward the opposite extreme, in which net
transport of stratospheric constituents is regarded as
being dominated by the advective transport of the re-
sidual or diabatic circulation. Thus, the diffusive com-
ponent of the eddy transport is relegated aimost to the
role of subgrid diffusion in general circulation models,
which dissipates the small-scale variance generated by
the large-scale deformation fields without having any
appreciable direct impact on the larger scales. This ap-
proach, however, seems incompatible with the trans-
formed Eulerian-mean momentum budget in midlat-
itudes which for inviscid, steady, quasi-geostrophic flow
may be written (¢.g., Edmon et al. 1980).

R — 0
SO, =vQ'=~ yyzf— (3.1)
where f = 29Q sin¢ is the Coriolis parameter and Q is
the quasigeostrophic potential vorticity (the term
K, 00/3z is negligible on quasigeostrophic scaling).
Thus the momentum budget (3.1) may be regarded as
a balance between advection (of mean angular mo-
mentum by the residual circulation) and diffusion (of
potential vorticity). The basis of the assumption of ad-
vection-dominated transport is that if one assumes the
stratosphere to be close to nonacceleration conditions
such that parcel dispersion is weak—formally O(8), say,
in some suitable sense where 8 is small—then the com-
ponents of D are also O(8), while for the elliptical orbits
typical of large-scale atmospheric eddies, L remains
O(1). Therefore, the eddy flux is dominated by the O(1)
advective component. However, near nonacceleration



302

conditions this advection serves, to leading order, to
cancel the Eulerian mean advection so that the net
transport circulation Uy is O(8). This is clear from (3.1),
which tells us that ¥, and hence also x, are O(5)
whence, using (2.18), x7 ~ O(8). Therefore, both net
advective velocities and diffusivities are formally O(5),
i.e., both effects depend on departures from nonaccel-
eration conditions (Fels et al., 1980; Kurzeja, 1981;
Plumb 1982). This argument of course breaks down
in equatorial regions, where the quasigeostrophic as-
sumptions on which (3.1) is based becomes invalid.
Indeed, in low latitudes a mean meridional circulation
can exist even in the limit of vanishing eddy transport;
the steady angular momentum budget is then satisfied
by the vanishing of the mean angular momentum gra-
dient, rather than of v, (Held and Hou, 1980). How-
ever, such a balance is unlikely to obtain away from
equatorial regions (and it is a matter of record that it
does not) and therefore the formal balance between
advection and diffusion should typify the extratropical
atmosphere. A careful scaling of the transport equation
(2.14) for a vertically stratified constituent confirms
that advective and diffusive transport effects are for-
mally of comparable magnitude although, unlike the
momentum budget, this is a global statement and not
necessarily valid locally. Consider, for example, the ra-
tio of diffusive and advective terms in a quasi-horizon-
tal coordinate system defined by the principal axes of
D. The vertical advection term is ADV = —~W;d4/dz
while, for weak vertical diffusion, the diffusion term is
DIFF = &(D,,3§/3y)/dy whence |DIFF| 2 D, |0G/dy|/
a, where g is the earth’s radius. Then

DIFF
ADV

'Dyy i
1Wo a

where ¥ = —(8¢/8y)/(8q/9z) is the slope of the mean
mixing ratio isopleths in this coordinate system. Now,
|Wi ~ |Vi|H/a where H is an atmospheric scale
height, and, if we assume |V} ~ |, (which will be-
come apparent below), | W4 ~ |0,|H/a. But, given that
B0/)/f ~ a~! for realistic flows, (3.1) gives [Tyl
~ D, /a. Therefore |Wy| ~ D,,H/a* whence

DIFF
|ADV

ay

A~

TR

Typically, ay/H is of order unity for long-lived tracers,
whence diffusive and advective transport are of com-
parable importance. Indeed, it can be argued (Mahl-
man, 1985) that the mean isopleth slope of long-lived
tracers is determined by just this balance.

The question then arises as to how this statement
can be reconciled with the fact that the mean transport
of entropy (a quasi-conserved quantity) can be ex-
pressed as advection by the residual circulation, without
any other transport terms. Under quasi-geostrophic
scaling for any constituent whose mean isopleth slope
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is sufficiently small (which includes most long-lived
stratospheric tracers), (2.14) becomes

oq éq -_ 9 aq 64

—= D,—+D,—). Q.

ot az J ( a Dy, 3.2)
If 4q/9z is assumed independent of y (cf.,, the quasi-
geostrophic assumption of latitudinally invariant static
stability, if ¢ = entropy) then (3.2) may be wriiten

Bq é 8q -
—+ .
3t ay( ) § 3.3)
where
«__ o 9g/éy
X ™ 3a)0z iz (3.4)

Therefore, as a consequence of the quasigeostrophic
scaling, the combined effects of advection and diffusion
may be represented mathematically by an effective cir-
culation ¥. This equivalence may become more ap-
parent in the context of Fig. 2. Let v = (0/3y)/(0§/9z)
be the slope of the mixing ratio isopleths. From (2.11)~
(2.13), on quasi-geostrophic scaling (when |D,.| < |D,,|
and [D,,| < |D,,|) the diffusion may be approximated
as linear diffusion along the principal axis making an
angle a ~ D,,/D,, with the horizontal. Then (3.4) may
be written.
X=xr+ Dyy(y —a).

Unless D,, = 0 or v = a (when the mixing occurs along
surfaces of constant ¢ and thus achieves no transport
of ¢) X # xr. In the example of Fig. 2 (la| > |v|) the
effect of the diffusion is to reduce the isopleth slopes
(by weakening the concentration gradients in the plane
of the diffusion); precisely the same effect can be
achieved by a circulation as depicted in Fig. 2, whose
streamfunction is D,,(y — «) and which appears as the
correction to be applied to xr in (3.4).

Note, however, that for a passive tracer (3.3) is a
purely diagnostic statement, of little predictive value
since ¥ is a function of isopleth slope and therefore of
the solution (and also therefore differs for different

\\\
i~

—r
Y

A

FiG. 2. Illustrating the formal mathematical equivalence of ad-
vection and diffusion of a vertically stratified passive tracer under
quasi-geostrophic assumptions. Thin lines depict isopleths of §. Thick
arrows show plane of mixing, which tends to reduce the stope of the
isopleths, Open arrows depict the sense of the equivalent circulation.
See text for discussion.






