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ABSTRACT

An adiabatic global multilevel primitive equation model using a two time-level, semi-Lagrangian semi-implicit
finite-difference integration scheme is presented. A Lorenz grid is used for the vertical discretization and a C
grid for the horizontal discretization. The momentum equation is discretized in vector form, thus avoiding
problems near the poles. The 3D model equations are reduced by a linear transformation to a set of 2D elliptic
equations, whose solution is found by means of an efficient direct solver.

The model (with minimal physics) is integrated for 10 days starting from an initialized state derived from
real data. A resolution of 16 fevels in the vertical is used, with various horizontal resolutions. The model is
found to be stable and efficient, and to give realistic output fields. Integrations with time steps of 10 min, 30

min, and | h are compared, and the differences are found to be acceptable,

1. Introduction

The semi-Lagrangian approach to integrating at-
mospheric models has been considered as a possible
alternative to the Eulerian approach for over three de-
cades, but has only come to general prominence since
the early 1980s. The basic semi-Lagrangian idea of in-
tegrating the equations of motion along the trajectories
of particles that arrive at a fixed array of grid points
was first proposed by Wiin-Nielsen (1959). The idea
was implemented by Krishnamurti (1962), who used
it to integrate a shallow-water model over a period of
48 h. As formulated in this first semi-Lagrangian
model, the integration scheme was subject to linear
stability criteria depending on both the wind speed and
the gravity-wave phase speed, just as in explicit Eulerian
models. The scheme did, however, provide a simple
means of overcoming nonlinear computational insta-
bility. This feature of semi-Lagrangian schemes, with-
out any reference to enhanced linear stability, has sub-
sequently been availed of by Krishnamurti (1969) and
Mathur (1970, 1983).

The possibility of using the semi-Lagrangian ap-
proach to circumvent linear advective stability criteria
in addition was recognized by @kland (1963) and
Sawyer (1963). Okland developed a two-layer, quasi-
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geostrophic semi-Lagrangian model that was used op-
erationally at the Norwegian Meteorological Institute,
while Sawyer used the semi-Lagrangian approach to
integrate a nondivergent barotropic model. The fea-
sibility of using long time steps for advection was thus
demonstrated computationally, though neither of the
aforementioned authors provided any theoretical
analysis to explain the stability properties of their nu-
merical schemes.

The decisive step leading to a general awareness of
the great potential advantages of the semi-Lagrangian
approach for integrating primitive equation models was
taken by Robert (1981, 1982), when he demonstrated
that stability criteria of both the advective and gravity-
wave kind could be circumvented by integrating the
shallow-water equations in a trajectory-centered man-
ner. In essence, this combined the semi-Lagrangian
approach with the semi-implicit approach (Robert
1969). Robert corroborated his computational results
by providing a stability analysis of his discretized equa-
tions, though for the restricted case of continuous spa-
tial representation. The first theoretical demonstration
of the stability properties of a semi-Lagrangian scheme
for the case of discrete spatial representation was pro-
vided by Bates and McDonald (1982), who analyzed
the scheme applied to the advection equation for var-
ious orders of interpolation. Their basic result is that
unconditional stability occurs as long as multiply up-
stream interpolation is used to determine the values of
advected quantities at departure points; thus the nec-
essary condition for stability—that the physical char-
acteristic should fall within the domain of dependence
of the numerical solution—was shown to be also suf-



JANUARY 1993

ficient. The stability analysis of spatially discretized,
trajectory-centered semi-Lagrangian schemes was ex-
tended to the shallow-water equations by Bates ( 1984 )
(in a study devoted mainly to analyzing the properties
of a semi-Lagrangian and alternating-direction implicit
scheme). Unconditional stability was again shown to
occur.

The possibility of overcoming both linear and non-
linear computational instability having been estab-
lished, the application of the semi-Lagrangian approach
to primitive equation models began a period of rapid
development, with more accurate and more efficient
variants successively appearing (for a review, see Stan-
iforth and C6té 1991). The initial applications were to
limited-area models. The operational implementation
of the semi-Lagrangian technique using the primitive
equations was begun in the Irish Meteorological Service
by Bates and McDonald (1982), who also introduced
the use of two time-level, semi-Lagrangian schemes
(see also McDonald 1986). In Canada, a limited-area,
three time-level, semi-Lagrangian model has been in
operational use since 1988 (Tanguay et al. 1989).

It is likely that the semi-Lagrangian approach will
have its greatest impact in the context of global mod-
eling. The problem of particles originating outside the
lateral boundaries then disappears. With global models
extending to higher levels and resolving the strato-
spheric jets, it becomes particularly important (es-
pecially when jets lie near the pole) to use numerical
schemes that avoid restrictive stability criteria. Prob-
lems associated with the poles in semi-Lagrangian
models have now been overcome by the use of vector
discretization of the momentum equation, introduced
independently by Bates (1988), C6té (1988), and Rit-
chie (1988).

A number of papers describing applications of the
semi-Lagrangian technique to the global shallow-water
equations have been published. Ritchie (1988) has de-
veloped a three time-level spectral model, C6té and
Staniforth (1988 ) a two time-level spectral model, and
McDonald and Bates ( 1989; hereafter MB) a two time-
level finite-difference model. An improved two time-
level finite-difference model, using the vector discret-
ization, has been developed by Bates et al. (1990;
hereafter BSHB). Recently, a multilevel, global semi-
Lagrangian model, using the three time-level spectral
framework, has been developed by Ritchie (1991) (see
also Tanguay et al. 1992). This model has now been
introduced into operational use in Canada, and at the
European Centre for Medium-Range Weather Fore-
casts (ECMWF), a modified version has been intro-
duced into operational use ( Hortal and Simmons 1991;
Simmons 1991; Temperton 1991). ’

In the present paper we present an adiabatic, global
multilevel primitive equation semi-Lagrangian model
that uses a two time-level finite-difference integration
scheme. The scheme is an extension of the vector semi-
Lagrangian scheme of BSHB to the multilevel case.
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The transformed latitude-longitude grid of MB is re-
tained for the horizontal aspects of the trajectory cal-
culations near the poles. Our discretization employs
3D trajectories for the momentum and thermodynamic
equations, as first used by Tanguay et al. (1989) in the
context of a limited-area model, but we use the hori-
zontal projections of the 3D trajectories for the con-
tinuity equation, thus gaining some advantage in effi-
ciency and accuracy while still avoiding any instability
due to vertical advection. Our 3D discretized equations
are reduced by a linear transformation to a set of 2D
elliptic equations, which are of the same form as that
occurring in BSHB. These equations are solved using
the direct solver of Moorthi and Higgins (1992); this
was found to be more accurate and efficient than the
multigrid solver used in BSHB.

The mathematical formulation of our model is pre-
sented in section 2, a linear stability analysis for the
case of a resting basic state on an fplane is given in
section 3, results of numerical integrations are pre-
sented in section 4, and a general discussion is given
in section 5. The conclusions are presented in sec-
tion 6.

2. Model formulation
a. The continuous equations

Choosing as our vertical coordinate o = p/p, (Phil-
lips 1957), the primitive equations can be written as
follows:

horizontal momentum equation

av
(——-—) =-V(¢ —cD)~RTVP—fkXV; (1)
|,
hydrostatic equation
9¢
= —RT;
dlIne ’ (2)
continuity equation
dp do
E - - % s (3)
thermodynamic equation
dar ¢ dP
— —kT|=+—)=0. 4
da " (cr dt ) 0 )

The system is closed by imposing the upper and
lower boundary conditions

=0, o=op,l. (5)
In the above,
D = pressure
P, = surface pressure

t = time
V = horizontal velocity (=ui + vj)
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d . . . ..
7 = three-dimensional Lagrangian derivative
/A% . .. dv
—— | = horizontal projection of | —
a |, dt

V = horizontal gradient operator on a ¢ surface

B [aci)w (aix) ¥ i (a_ao)]

A = longitude
# = latitude
a = earth’s radius
¢ = geopotential
¢ = coefficient of divergence damping
D = divergence on a ¢ surface (V- V)
R = gas constant
T = temperature
P=Inp,
f = Coriolis parameter
k = unit vector in the vertical
do

T dr
R
K=
Cp
¢, = specific heat of air at constant pressure
o = value of ¢ at the top of the model atmo-
sphere.
It proves advantageous to write

T="T(s)+ T'(\0,0,t),
where T(c) is a standard atmospheric value of T, and

T' is the deviation therefrom, and to rewrite (1) and
(4) [making use of (3)] in the following forms:

[

(ﬂ) = -V(G—cD)—fkXV+N, (6)
a |,
da{T
= - — 4T = 7
dl(T KP) o' = N, (7)
where
G=¢ + RTP
k 1dT
S
Ny = —RT'VP
T'[. do
N. __T[UI‘-—K(E_*_D)].

The quantity T is a measure of the static stability of
the chosen reference state (positive for stable stratifi-
cation). Allowing T to be a function of ¢, rather than
restricting it to be a constant, has the advantage of
keeping the nonlinear terms N, and Ny small and,
when the thermodynamic equation is written in the
form (7), does not unduly complicate the subsequent
development.

MONTHLY WEATHER REVIEW

VOLUME 121

Since P is independent of o, we can rewrite (3) as
(&) --p-2.
da/, do

where (d/dt), is a 2D Lagrangian derivative (using the
horizontal projection of a 3D trajectory). It is necessary
to distinguish carefully between (dV/dt)y, which is
the horizontal projection of a 3D vector quantity (see
BSHB, section 2), and (dP/dt),, which is the hori-

zontal (as defined above) Lagrangian derivative of a
scalar.

(8)

b. Semi-Lagrangian discretization
We discretize (6), (7), and (8) as follows:

(Vn+1 _ Vz)
A,

= —%{(1 + €)[V(G — D) + [k X V]"*!
+(1=&[V(G—cD)+ [k X VI]ilu

300+ )™ + (1= NIy (9)

)

[(1 +e)(Ta)™ + (1 — e)(To)4]

1 .
o+ )(Np)"™ ' + (1 — e)(Nr)il (10)

Pn+1_ ;12 1 (9(7 n+l1
[T]“ 5[““’(”*5)
do

+(1 —e)(D+—)n ] (11)

9o *2

In the above, ( )"*! denotes a value at an arrival
point at the new time level, ( )% denotes a value at
the corresponding departure point (determined by a
3D trajectory) at the old time level, and ()%, denotes
a value at the corresponding “departure” point (de-
termined by the horizontal projection of the 3D tra-
jectory) at the old time level. The subscript H in (9)
denotes a horizontal projection of the vector quantities,
the horizontal being chosen to be that at the midpoint
of the trajectory in question. We have introduced a
small parameter ¢, which results in a slightly uncentered
(order eAt accurate) semi-Lagrangian scheme, in order
to suppress computational noise and maintain stability
at high resolution. A similar approach has been used
by Tanguay et al. (1992). A linear stability analysis,
which shows the effects of e, is given in section 3.
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The nonlinear terms (N, Ny)"*! are obtained by
a forward extrapolation:

(Ny, Np)"™' = 2(Ny, Np)" = (Ny, Np)* .

The discretization of the nonlinear terms in (9) and
(10) is chosen to be as closely consistent as possible
with that of the linear terms; this helps to minimize
computational noise in regions of steep orography (for
an alternative discretization of the nonlinear terms,
and a discussion of orographic difficulties in general,
sec Tanguay et al. 1992).

The discretization (11) of the continuity equation,
which avails of the fact that for this equation only the
horizontal component of the 3D trajectory need be
used, results in the simplification that the rhs involves
only horizontal interpolation. The avoidance of vertical
interpolation here, while still maintaining stability to
vertical advection, is a double advantage, since inter-
polations are a source of both inaccuracy and com-
putational expense. The anticipated advantage of using
the horizontal projection rather than the full trajectory
for discretizing this equation was borne out in practice:
comparative integrations using both methods showed
that the former led to much better mass conservation.

Resolving (9) into components, we have

(LX) = 7(N)"™ i+ [(X)™ — #(N)" i }u

= [(YN)iie + (Y)5isln, (12)
where
X, = u~Fo+——3 (G- D)
AT a cosf oA ¢
T 0
Xo=v+ Fu+-—(G—cD)
a df
At
Y}\=u+(1_€)(?)
X | fo- i(G— D) + N,
a cosf ox ¢ A
At 14
Yg—v—(l—e)(-?)[fquZ%(G—cD)—Ng]
RT' 9P
Nx_—acosﬁa
RT' 0P
T
At
= + —_
7= (1 e)2
F = 1f,

and (i, j), (i, j)4 are the unit vectors in the horizontal
at the arrival point and departure point of the trajec-
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tory, respectively. The partial derivatives with respect
to A and @ are on o surfaces, the subscript ¢ in this
context having been omitted for simplicity.

Equation (12) is identical in form to (4) of BSHB.
Following the procedure given there, we thus obtain

(X)" = 4y (13)
(Xp)"! = 4, (14)
where
Ay = ()i + aa (Y + 7(N)"™!
Ay = a3()h + au(Yo)L + (N,

with (@, a;, a3, as) defined as in BSHB.
Solving (13) and (14) for (u, v)"*', we obtain

1 o0 Fo
n+l _ —_— 4 == —cD n+1
“ g[ T(a cosf N a 80)(G D)

+ (A\ + FAH)] (15)

F a4 19
n+i — — = G _ D n+1
g g{T(acosﬂf))\ aaﬂ)( ¢D)

+ (4o — FAx)] ,» (16)

where g = (1 + F?)™'. Thus,
D" = —7L(G—cD)""' + 4,  (17)

where
__ & o 1 9
" a’cos20 N a? cosf af

0
(gF)ﬁ

+ 1 _6_ 50i
a2 cos 30 \Z " ¢

1 9
—[g(4, + FA
2 cos0 ox L8 D)

A=

]
— 0(A, — FA))].
+acosﬂ a6 L cosé(4s V]

Equations (10) and (11) can be rewritten as

n+1

(;— kP — TI‘&) = (Br); + 7(}\71)'“'1 (18)
do n+1

[p+ T(D + 5)] = By, (19)

where

T At .
BT=?_KP+?(1_€)(PU+NT)

At do
BL_P_E(I_G)(D+£)'
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Integrating (19), in turn, throughout the depth of
the model atmosphere and from the top to an inter-
mediate level ¢ gives, on using the boundary conditions

),
(1 - UT)Pn+] +Tf

o

1 1
D"+'da'=f (BL)%,ds’ (20)
T or

o

n+1
(e)"t' = —[(a —or)P+ ‘rf Dda']

T

+ fa (BL)"*z_do". (21)

T

Integrating (2) in the vertical and using the result to
eliminate ¢ from G, we obtain

0
Gt = ¢, + RT"'dIne’' + RTP™'. (22)
Ino
Knowing all the dynamical variables at time level »
[plus the nonlinear terms and the wind components
at time level (n — 1), the former being needed for
forward extrapolation to time level (n + 1), and the
latter for forward extrapolation to time level (n + 1/2)
to determine the trajectories; see below], (15), (16),
(18), (20),(21), and (22) form a complete set for the
determination of (u, v, o, T, P, G)"*'.

c. Vertical discretization

For our vertical discretization we choose a Lorenz
grid (Lorenz 1960) with K layers in the vertical, the
distribution of variables being shown in Fig. 1. In ad-
dition to the dynamical variables (u, v, T, G) shown

Gy =07 6,=0
Aoy, Alno, G ———————————————- u,v, 5, G
A S,
Ox-1 ék—l
Aoy, Alno, Oy ————~m - u, v, Ty Gy
Gy &,
Ox-1 6'1(-1
Aoy, Alnoy [ ug , Vg » Tg » Ok
k=1 777777777777 5c=0,6:. P

FiG. 1. Vertical distribution of variables.
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in the figure, the quantities (7, T, D, Yy, Y,, Ay, Ap,
B;, Br, Ny, N,, Ng) are also expressed at the dashed
levels. The quantities o, are defined as

Tkt Gkt
2
Expressing (17), (18), (20), (21), and (22) at the

appropriate levels and, for the moment, retaining con-
tinuous variation in the horizontal, we have

O =

D2+l = '_T-L(Gk — ch)"+l +/ik; 1 < kS K (23)
Tk —_— n+1 "
[? — kP —Te| = (Br)ix + TN,

k

1<k<K (24)

K
(1 —67)P"™' +7 > DF'Aok
k=1

K
= 2 (Br)s2xAorr (25)
k=1

k
()i = —[(ok — or)P + 7 2 DiAay]™"!
Kk'=1

k
+ 2 (Bl)jax Ao, 1<k<K-—1 (26)
k=1

GI*' = ¢, + R 3 (T"*'AIno ) + RTP™
k

1<k<K, (27)
where
ot ok
(0)k~_—2
| K
5¢k+ > Y, 1<k<K-—1
§¢k1= k'=k+1
k

1 -
5 Vi k=K.

As a first step in reducing the above set of equations
to a single equation in one unknown, we use (24),
(25), and (26) to eliminate (7%, P, 6,)"*! from (27),
giving (see appendix A for details):

K
Gz+l +7 Z Mkk'D%Tl =H, 1<k<K. (28)

k'=1

The M, are functions of the standard temperature
profile T(c) and of the vertical discretization incre-
ments ( Agy, Alnay), and the H, are known quantities.

Equation (28) involves a coupling of all the vertical
levels. In order to obtain a set of 2D equations in a
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single variable, we write (23) and (28) in matrix form
and introduce a vertical decoupling linear transfor-
mation. Defining K-dimensional vectors (D, G, A, H)
whose elements are the (D!, Gi*', Ay, H)and a K
X K matrix M whose elements are the M-, (23) and
(28) can be written

D+7L(G-cD)=A (29)

G+ 7MD = H. (30)
Multiplying on the left by E™!, where E is the matrix
whose columns are the eigenvectors of M, (29) and
(30) become (see appendix B for details)

D+7L(G~-cD)=A (31)

G + r(Mde)D = H, (32)

where
(D,G,A,H)=E"(D,G,A, H)

and (M) is a diagonal matrix whose elements A,
are the eigenvalues of M (8- is the Kronecker delta).
It is shown in section 3 that the )\, are the squares of
the model’s gravity-wave phase speeds for a resting ba-
sic state.

Reverting to component form, (31) and (32) can
be written

ljk"f‘T.C(GAk—CD‘k):A‘k (33)
Gi + ™NDy = Hy, (34)
where the (ék, AGA,(,A Ay, H,) are the elements of the
vectors (D, G, A, H).
Eliminating D; between (33) and (34), we obtain
the desired set of 2D equations

[£L— (W0 =F 1<k<K, (35)

where
() = ("M + c7) ™!

Ok = Gi — cr(u* uH

Fro = (W {mNAr + [er(p® ) — 11H ).
Thus, we have reduced the multilevel problem to that
of solving K elliptic equations that have the same form
as occurred in BSHB. The inclusion of divergence
damping has not changed the form of the elliptic equa-
tion (this would not have been the case, however, if

we had chosen to reduce our equations to a 3D elliptic
equation rather than a set of 2D ones).

d. Horizontal discretization

For our horizontal discretization, we choose a C grid
(Arakawa and Lamb 1977). The distribution of vari-
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ables is as shown in Fig. 1 of BSHB, where, in addition
to ¢;, the dynamical variables (G, T, P, ¢) are now
expressed at ¢ points. The derived quantities (D, B;,
Br, Nr) are likewise expressed at ¢ points. The quan-
tities (Y, Ny, 4,), in addition to u, are expressed at u
points, and the quantities (Y;, N;, Ay), in addition to
v, are expressed at v points.

The quantities (Y,, Yy, By, Br) are expressed in dis-
cretized form as

Y)\=u+(1 —6)(%{)

X[ff)—acosaa,\(G—cD)-FN)\] (36)

Yo=v—(1- e)(—Az—t)[fﬁ+$Bg(G—cD)—N9]
(37)

T At T
BT='7——..—KP+‘2—(1"‘)(F‘7+NT) (38)

BL=P—%(1 —e)D + 5,0), (39)

where (6,, 65, 6,) are the conventional second-order
finite-difference operators. The overbars denote 16-
point horizontal averages in (36) and (37), and a 2-
point vertical average in (38).

The locations of trajectory departure points are cal-
culated as in MB, except that now the trajectories are
three dimensional. Separate trajectory calculations are
performed at the u, v, and ¢ points of the C grid at all
the dashed levels. The quantities (i, 7, ¢)"*'/? are used
in the calculations, the (n + 1/2) superscript denoting
that the basic gridpoint values have been obtained by
linear extrapolation from time levels n and (n — 1),
and the overbars denoting trilinear spatial interpola-
tion. In the zeroth iteration the interpolations (when
required) are to the arrival grid point; in subsequent
iterations they are to the trajectory midpoint as esti-
mated from the previous iteration. As described in MB,
a rotated spherical coordinate system is used for the
trajectory calculations poleward of a specified latitude
(here taken to be +60°), while a special procedure is
used for the poles themselves.

Having calculated the (Y5, Yy, B7, B.) at time level
n and the trajectories, we now calculate the A, A,
(B7)%, and (BL)%, through interpolations. For depar-
ture points in the immediate neighborhood of a pole,
the interpolations require values at grid points lying
on the other side of the pole. Whenever vector com-
ponents from across the pole are used, they undergo a
change of sign. We use bicubic interpolation to cal-
culate (B )%, . For the other variables, we used a mod-
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ified tricubic' interpolation for those departure points
below dashed level 2 and above dashed level K — 1.
For departure points between dashed levels 1 and 2 or
between dashed levels K — 1 and K, we use linear ver-
tical interpolation and bicubic horizontal interpolation.
For departure points above dashed level 1 or below
dashed level K, no vertical interpolations are performed
and the nearest dashed level values obtained through
bicubic interpolation are assumed.

The next step is to calculate A and H, both of which
are evaluated at ¢ points. The simplest centered dif-
ferences and averages based on the spatial disposition
of the (A4,, 4,) are used in calculating A. Applying the
linear transformations, (A, H) are found, whence the
#, are determined. The K elliptic equations are then
solved using the efficient second-order direct solver of
Moorthi and Higgins (1992). This was found to be
faster, more accurate, and less subject to block-size re-
strictions than the multigrid solver used in BSHB.

The solutions of (35) give us the Gy, whence from
(34) we obtain the D,. A transformation back to phys-
ical space gives us the (G, D)}*!, whence from (15)
and (16) we obtain the (u, v)?*'. The remaining un-
knowns (P, ¢, T)"*! are determined from (25), (26),
and (24), respectively.

Because the forward extrapolation of the velocity
components and the nonlinear terms is not possible at
the 1nitial time, the first step uses the uncentered level
n values of these quantities. Also at the initial time,
the divergence is evaluated from the velocity compo-
nents, whereas subsequently it is given by (34).

3. Stability analysis

We perform a von Neumann stability analysis of the
model equations for the case of a resting basic state on
a tangent plane (/= f; = constant) with no topography.
For simplicity, we restrict our analysis to the case where
the variation in the horizontal remains continuous.
Assuming d/dy = 0 and ¢ = 0, the linearized governing
equations are

un+l _ un 1 aG n+1
(=), 3o ol G -w)

+(1 - e)(%g—ﬁ)v) } (40)
k

! The modified tricubic interpolation involves cubic interpolation
in the vertical, requiring values at four levels. The values at the inner
two levels are obtained through bicubic interpolation, while the values
at the outer two levels are obtained through bilinear interpolation.
This modification reduces the computational cost without causing
noticeable loss of accuracy.
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n+l _ ..n 1
(”—T”)k = = AL+ !+ (1= u')e

(41)

= % TW(1 + €)a"' + (1 — €)a"Ik

Pn+l — p" 1 K u n+1
l—or)|———|=—= 1+ e)—
0= ) ez o ofE)

(42)

+(1 - e)(%)n] Aoy (43)
e

Pn+l — Pn
At

au n+l Ju n
[(1 + e)(b-;) +(1 - e)(g;) L,Aakf

1 - -
—5la+ ()" + (1)) (44)

—_——

(o — o7)

~ M

1
2

GI*' = RIS (T"'A Ino) + TeP™'].  (45)
k
Assuming solutions of the form
ul(x) = A" exp(imx), (46)
the above equations give
(A — D = —~L(ivG, — Fiy)  (47)
(A — 1)¥ = —LFi; (48)
Tk ~ At =
A-1)|Z—kP|= LI~ 49
( 1)( 7, " ) k= Ok (49)
. K
(1 —o7)A—1)P=—Liv > (fiAc) (50)

k’=1

(55— o7)(A — )P = —L[iv S iAoy + % Zk]
k

(51)

Gy = R[S (TA Ino ) + TP, (52)
k

where
L=((1+eA+(1—¢)

mAt
2

y =






